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O , Abstract 

^ I In this paper we consider the problem of proving properties of infinite behaviour 

CJ ■ of formalisms suitable to describe (infinite state) systems with recursion and paral- 

lelism. As a formal setting, we consider the framework of Process Rewriting Systems 
{PRSs). For a meaningfull fragment of PRSs, allowing to accommodate both Push- 
down Automata and Petri Nets, we state decidability results for a class of properties 
about infinite derivations (infinite term rewritings). The given results can be ex- 
I ploited for the automatic verification of some classes of linear time properties of 

infinite state systems described by PRSs. In order to exemplify the assessed results, 
■ we introduce a meaningful automaton based formalism which allows to express both 

recursion and multi-treading. 
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1 Introduction 

Authomatic verification of systems is nowadays one of the most investigated topic. A 
major difficulty to face when considering this problem comes to tha fact that, reasoning 
about systems in general may require to deal with infinite state models. For instance, 
software sytems may introduce infinite states both manipulating data ranging over infinite 
domains and having unbounded control structures such as recursive procedure calls and/or 
dynamic creation of concurrent processes (e.g. multi-treading). Many different formalisms 
have been proposed for the description of infinite state systems. Among the most popular 
are the well known formalisms of Context Free Process, Pushdown Processes, Petri Nets, 
and Process Algebras. The first two are models of sequential computation, whereas Petri 
Nets and Process Algebra explicitely take into account concurrency. The model checking 
problem for these infinite state formalisms have been studied in the literature. As far as 
context free processes and Pushdown Automata are concerned, decidability of the modal 
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/x-calculus, the most powerful of the modal and temporal logics used for verification, has 
been established (e.g. see jHl El)- As far as models of concurrency, certain linear time 
properties are already undecidable for small classes of Petri Nets (see [10] , for a systematic 
picture of decidability issues about model checking infinite states concurrent models for 
both linear and branching time logics). 

In order to exemplify our decidability results for formalisms involving recursion and 
parallelisms, in this paper we shall consider automata-based formalisms enriched with hi- 
erarchy (procedure call) concurrency and communication among concurrent components, 
which have gained popularity in recent years (e.g. see Statecharts ^], ROOM [20], and 
UML ^). Pure formalisms underlying the above mentioned specification languages have 
been recently proposed and studied. In |2j Communicating Hierarchical Automata ( CHAs) 
have been introduced which extend Finite State Machines (FSMs) with hierarchy and 
concurrency (though remaining in the finite-state case). In [Sj, the finite state formal- 
ism CHAs has been strengthened, precisely to capture the expressive power of Pushdown 
Automata {Recursive State Machine). Efficient algorithms for model checking and reach- 
ability analysis have been studied for Pushdown Automata (e.g. see jSl E])? for CHAs 
PP and for Recursive State Machines . In jT3] , an extension of both CHAs and RSMs, 
called Dynamical Hierarchical Machines, is presented, which allow to model code mobility 
via communication and dynamic activation of state-transition machines. This formalism 
turns out to be Turing equivalent, since unbounded hierarchy (i.e. recursive call) together 
with the unrestricted ability of dynamically activating parallel components at any hierar- 
chical level allows for easily simulating a double Pushdown Automaton. In this paper we 
shall consider a restricted version of Dynamic Hierarchical Machines, where recursion and 
dynamic activation of parallel components (multi-treads) is allowed, while communication 
among parallel components is restricted in such a way to prevent Turing equivalence. 

Verification of formalisms which accommodate both parallelism and recursion is a chal- 
lenging problem. To formally study this kind of systems, recently the formal framework of 
Process Rewrite Systems (PRSs) has been introduced ^7]. This framework, which based 
on term rewriting, subsumes many common inifinite states models such us Pushdown 
Systems, Petri Nets, Process Algebra, etc. As we shall see, also restricted Dynamic Hierar- 
chical Automata can be easily encoded into PRSs. The decidability results already known 
in the litterature for the general framework of PRSs concern reachability, i.e. properties 
of finite sequences of term rewriting (derivations). 

In this paper we extend the known decidability results for a relevant syntactic fragment 
of PRSs to properties of infinite derivations, thus allowing for automatic verification of 
some classes of linear time properties. Since this result is obtained within the general 
formalism of the considered fragment of PRSs, it applies not only to the specific context of 
restricted Dynamic Hierarchical Automata, but, more significantly, also to any specification 
formalism which can be accommodated within this fragment. The fragment we consider 
is that of PRSs in normal form, where every rewrite rule either only deal with procedure 
calls (this kind of rules allows to capture Pushdown Processes), or only deal with dynamic 
activation of processes and synchronization (this kind of rules allows to capture Petri Nets). 
A PRS in normal form is extended with a notion of acceptance a la Biichi. A subset of 
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rewrite rules is labelled as 'accepting' and an infinite derivation is accepting if there is an 
accepting rewriting rule which is applied infinitely often in that derivation. We prove that 
it is effectively decidable the problem whether, for a given set of rewriting rules, there is an 
infinite accepting derivation. We prove also that it is decidable whether there is an infinite 
derivation devoid of any application of an accepting rewrite rule, and whether there is an 
infinite derivation involving a positive (finite) number of applications of accepting rewriting 
rules. 

The rest of the paper is structured as follows. In Section 2, we introduce the formalism 
of Dynamic Hierarchical Automata. In Section 3, we recall the framework of Process 
Rewriting Systems, we summarize some decidability results for reachability problems in 
the context of PRSs, and show how DHAs can be embedded in PRS. In Section 4, it is 
shown how decidability results about infinite derivations can be used to check properties 
about infinite executions of infinite state systems modelled by PRSs. In Section 5, we 
prove decidability of the three problems about infinite derivations in PRSs in normal 
form, mentioned above. 

2 Dynamic Hierarchical Automata 

In |2j Communicating Hierarchical Automata {CHAs) have been introduced which extend 
Finite State Machines (FSMs) with hierarchy, concurrency and communication among 
concurrent components. A CHA is a collection of Finite State Machines {FSMs). Hierarchy 
is achieved by injecting FSMs into states of other FSMs. Whenever a FSM state s is 
entered, if such a state contains a FSM M, then M starts running. The state s can 
be left when M reaches a final state. From this perspective, entering the state s can 
be viewed as a procedure call, with M acting the part of the procedure. Finiteness of 
states of CHAs is guaranteed by syntactically forbidding recursive injection of FSMs into 
states. Concurrency is achieved by composing FSMs in parallel and by letting them run 
contemporaneously. Concurrent machines communicate by synchronizing on transitions 
with the same input label. The form of communication is a form of global synchronization: 
if a parallel component performs a transition labelled by an input symbol a, all of the other 
components having a in their input alphabet must perform a transition labelled by a. In 
0, the finite state formalism CHAs has been strengthened, from the expressive power 
viewpoint, in such a way that the expressive power of Pushdown Automata is precisely 
reached. Such a formalism is called Recursive State Machine {RSM, for short). The 
additional expressive power is obtained by allowing recursive injection of FSMs into states 
(i.e. by admitting a form of recursive 'procedure call'). Actually, with respect to CHAs, 
RSMs does not allow explicit representation of parallelism. 

In an extension of both CHAs and RSMs is presented called Dynamical Hierarchi- 
cal Machines (DHMs). DHMs allow the explicit representation of hierarchy, parallelism 
and communication. Moreover, in order to model aspects of code mobility the form of 
communication between parallel components allows sending and receiving FSMs (commu- 
nication in CHAs takes the form of pure communication). A FSM received from a parallel 
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component can be dynamically activated in different ways: either in parallel with the re- 
ceiving component or in parallel with a component at a lower/upper level (with respect to 
the receiving component). Hierarchy and dynamical activation allows to easily simulate a 
Pushdown Automaton. Moreover, parallelism and the unrestricted ability of dynamically 
activating parallel components at any hierarchical level allows to easily simulate a double 
Pushdown Automaton thus reaching the expressive power of Turing Machines. 

In this section we introduce an extension of RSMs, called Restricted Dynamical Hier- 
archical Automata {RDHAs for short), which allows recursive injection of FSMs into states 
(as in RSMs) and dynamical parallel activations of FSMs (as in DHMs). As in CHAs 
and RSMs, a RDHA is a collection of FSMs, and FSMs can be (recursively) injected 
into states. A transition of a FSM is decorated by a pair of symbols, the former being an 
input symbol (belonging to an alphabet T), the latter representing an action. The possi- 
ble actions are: NIL, representing the null action; HALT, representing the termination 
action; a channel symbol in F, representing a synchronization request on a channel name; 
NEW{i,p), representing the dynamic activation of the i-th FSM in its initial state p. A 
transition is triggered by the input symbol and, when performed, produces the correspond- 
ing action. 

In order to obtain a formalism which is less expressive than DHMs, parallelism com- 
munication and dynamic activation are presented in a restricted form. Actually, there is 
no exphcit syntactical construct for parallehsm in RDHAs. Parallehsm is the result of 
dynamic activation of sequential machines. During its evolution, a FSM can dynamically 
activate in parallel with itself a (possibly unbound) number of FSMs. When a FSM A 
activates an another FSM A', A and A' are put in parallel at the same hierarchical level 
(the father of A' is the father of A) . 

Synchronization has the form of handshaking between two parallel components. A tran- 
sition in a FSM labelled by a synchronization request on a channel a can be performed 
only if there is a FSM, activated in parallel with it, able to perform a transition with 
a synchronization request on the same channel name. Synchronization between parallel 
components of different hierarchical level (i.e. interlevel communication) is not allowed. 
Moreover, synchronization is allowed only if the involved parallel components are not wait- 
ing for return of a procedure call (i.e. if they are leaves in the hierarchy of activations). 
A FSM A' injected into a box & of a FSM A is disactivatcd cither when it is in a final 
state associated with a transition departing from b (a kind of procedure termination with 
value return) or when it performs the HALT action (procedure termination without value 
return) . 

Definition 2.1. Let T and F be finite alphabets for input symbols and channels, respec- 
tively. A Restricted Dynamic Hierarchical Automaton (RDHA for short) over T is a 
collection 0/ sequential machines Ai, . . . , A^, with 

Ai = {QiUBi,Yi,QlQj,Si), where 

• Qi is the finite set of nodes; 

• Bi is the finite set 0/ boxes {we assume BiHQi — 0); 
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• Qi Q Qi is the set 0/ initial nodes; 

• Qj ^ Qi is the set of exit nodes; 

• Yi : Bi ^ {1, . . . ,n} is the hierarchy function associating boxes with sequential ma- 
chines Ai, . . . , An; 

• SiC{{Qi\ Qj) U {Bi X UJ=i Qj)) xTxSyx{QiLi {B^ x U"=i Qj)) is the transition 
relation, with 

Sy = {NIL, HALT} U T U {NEW{i, p) | i = 1, . . . , n anc/ p e Q°}; 
for any {u, a, ^, v) e Si, the following constraints are fulfilled: 

-ifC^ {NIL, HALT}, then u,v e Qi; 
-ifC^ HALT, then v e Qj; 

— if u ^ Qi, then v e Qi; 

— if V ^ Qi, then u e Qi; 

— if u has the form {b, q), then q e Qj, with j = Yi{b); 

— if V has the form {b, q), then q E Q^, with j = Yi{b); 

As a further constraint we require that Qi HQj — and Bi HBj — for all 1 < i < j < n. 

When an activation of a FSM Ai in a state u performs a transition {u, a, NIL, {b, q)), 
it enters the box b and activates an instance of the FSM Ay^Qj) (a procedure call) in its 
initial node q and waits for the termination of ^yj(f))- The FSM Ay.(5) terminates when it 
reaches an exit node qt and can be deallocated if either q^ is reached by a transition of the 
form {u', a', HALT, qt) (termination without value return), or if Ai has a transition of the 
form ((&, qt), a', NIL, u') (termination with value return). 

When an activation of a FSM Ai in a state u performs a transition {u, a, NEW{j, q),v), it 
enters the node v and activates in parallel with itself an instance of Aj in its initial node 
q (a dynamic activation). The two activations of Ai and Aj can run asynchronously in 
parallel. 

An activation of a FSM Ai in a state u can perform a transition ti — {u, a, 7, v), with 7 a 
channel name in F, only if there is a parallel activation of a FSM Aj in a state u' which 
can perform a transition of the form t2 = {u', a, 7, v') (synchronization on the same channel 
name and the same input symbol). Both Ai and Aj have to perform transitions ti and t2, 
simultaneously. 

Notice that, as a consequence of constraints imposed on the transition relations, actions 
of synchronization and dynamic creation can be performed only starting from nodes (i.e. 
leaves in the hierarchy of FSM activations). 

In order to give a formal semantics of RDHAs we have to introduce the notion of 
configuration. A configuration is a tree which describes the collection of instances of 



5 



FSMs instantaneously activated, together with the hierarchy of activations (caller - called 
relationship). In particular, a node of the configuration tree is either a box (non leaf 
node of the tree) or a node (leaf node of the tree) of the considered RDHA, representing 
the current state of a FSM activation instance. A configuration tree is described by an 
algebra of terms composed of node and box symbols by means of a binary operation of 
sequential composition (i.e. procedure call) denoted by (-.(-)) and a binary operation of 
parallel composition denoted by _||_. (We recall that a NEW action results in a parallel 
composition.) 

Definition 2.2. Let A = {A^, . . . , A„}, be a RDHA with Ai{Qi U Bi, Y^, Q°, Qf , 5^). The 
set 0/ configuration terms of A, written Conf{A), is inductively defined as follows: 

• £ G Conf{A) {the empty configuration); 

• [J:=lQ^^ConfiA); 

• b.{t) G Conf{A), for b G ULi and t G Conf{A); 

• ti||t2 e Conf{A), forti,t2 G Conf{A). 

In the following we shall consider equal configuration terms of Conf{A) up to commu- 
tativity and associativity of parallel composition. Moreover, the configuration term e will 
be treated as the identity element for parallel and sequential composition. More precisely, 
for a RDHA A, configuration terms of A are considered equal up to a notion of equivalence 
~_4 defined as the least equivalence fulfilling the following requirements: 

• ti II t2 ~^ t2 II ti, for all ti, t2 e Conf{A); 

• ti II ih II ts) ih II ^2) II ^3, for all ti, ta, ^3 e Conf{A); 

• t\\e ~^ t, for any t G Conf{A)] 

• b.{e) ^A b; 

• b.(ti) b.(t2), for all ti,t2 G Conf{A) such that ti ^2- 

In the following we shall define the semantics of RDHAs in terms of Labelled Transition 
Systems (LTSs) defined in the well known style of Structured Operational Semantics (see 
[T^). The LTS for a RDHA A is the triple {ConfA,T,-^), where the states are the 
configuration terms, the set of labels is T and the transition relation — > C ConfA x T x 
ConfA is defined by the following set of rules. (In the following 6 stands for Ur=i ^i-) 
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a . 



{q,a,NIL,q') eS (1) 



{q,a,NIL,{b,q')) eS (2) 



q^b.{q') 

{{b,q),a,NIL,q') eS (3) 



b.{q)^q' 

{q,a,HALT,q') eS (4) 

q^E 

{q,a,NEW{j,p),q') eS (5) 



q^q'Wp 



— {qi,a,a,q[),{q2,a,a,q'2) e S (6) 

qi\\'l2^qi\\q2 

aeT (7) 



tWt'^tWt" 



t'^t" 



b.{t')^b.{t") 

Axiom 1 considers the case of a basic transition inside a FSM. Axiom 2 considers the 
case of a procedure caU: the FSM Ayj(6), with b G Bi, is activated in its initial state q'. 
Axiom 3 (resp. 4) considers the case of a procedure termination with (resp. without) 
value return. Axiom 5 considers the case of a transition with dynamic activation; notice 
that the newly activated FSM is put in parallel with the activating one. Rule 6 deals 
with synchronization: two requests of synchronization on a common channel name are 
synchronized. Rule 7 allows a parallel component, which does not perform synchronization 
requests, to freely (asynchronously) evolve. Rule 8 allows a machine, which does not 
perform synchronization requests, to freely evolve in the context of procedural call. 



3 Process Rewriting Systems and RDHAs 

In this section we recall the framework of Process Rewriting Systems {PRSs). In this setting 
we rephrase the LTS semantics of RDHAs given in the previous section. We conclude the 
section by summarizing some decidability results, known in the literature, for the problem 
of model checking of systems described by PRSs. 

3.1 Process Rewrite Systems 

In this section we recall the notion of Process Rewrite System, as introduced in [T^. The 
idea is that a process (and its current state) is described by a term. The behaviour of a 
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process is given by rewriting the corresponding term by means of a finite set of rewriting 
rules. 



Definition 3.1 (Process Term). Let Var be a finite set of process variables. The setT 
of process terms over Var is inductively defined as follows: 

• Var C T; 

• eeT; 

• tl II t2 G T, for all ti, t2 E T; 

• X.{t) G T, for all X G Var and t G T, 

where e denotes the empty term, "||" denotes parallel composition, and ".()" denotes se- 
quential composition^ . 

We denote with Tseq the subset of terms in T devoid of any occurrence of parallel 
composition operator, and with Tpar the subset of terms in T devoid of any occurrence of 
the sequential composition operator. Notice that we have Tpar ^Tseq = Var U {e}. 

In the rest of the paper we only consider process terms modulo commutativity and 
associativity of "||", moreover e will act as the identity for both parallel and sequential 
composition. Therefore, we introduce the relation ^t, which is the smallest equivalence 
relation on T such that for all ti,t2, is G T and X G Var: 

• tl II t2 t2 II tl, tl II {t2 II ts) {tl II t2) II ts, and tl II e ti; 

• X.{e) X, and if ti t2, then X(ti) X.{t2). 

In the paper, we always confuse terms and their equivalence classes (w.r.t. ~t)- In 
particular, ti = t2 (resp., ti 7^ t2) will be used to mean that ti is equivalent (resp., not 
equivalent) to t2. 

Definition 3.1 (Process Rewrite System). A Process Rewrite System (or PRS, or 
Rewrite System) over the alphabet S and the set of process variables Var is a finite set of 
rewrite rules ^CTxT,xTof the form t t' , where t (7^ e) and t' are terms in T, and 
a G S. 

The semantics of a PRS ^ is given by a Labelled Transition System (T, S, — where 
the set of states is the set of terms T of 3?, the set of actions is the alphabet S of 3?, and 
the transition relation — >CTxExTis the smallest relation satisfying the following 
inference rules: 



t t' t °> t' 
(t A i') G ^-—^ Vi e T ^—-^ yX e Var 

t^f ti\\t^t[\\t x.(ti)Ax.(t;) 



-'^ |17| also allows terms of the form ti.{t2), where ti is a parallel composition of variables. In the current 
context this generalization is not relevant. 
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For a PRS 3? with set of terms T and LTS (T, E, a path in 3^^ from t e T is a path 
in (T, E, — >) from i.e. a (finite or infinite) sequence of LTS edges Iq ^ ti^t2^ such that 
to = t and tj -^tj+i e — >^ for any j. A ran m 3? from t is a maximal path from t, i.e. a 
path from t which is either infinite or has the form ^ . . ."^^ t„ and there is no edge 
tn-^t' e — for any a„ G E and t' G T. We write runs^it) (resp., runs^^^it)) to refer to 
the set of runs (resp., infinite runs) in 3? from and runs{^) to refer to the set of all the 
runs in 3?. 

The LTS semantics induces, for a rule r G 3?, the following notion of one-step derivation 
by r. The one-step derivation by r relation, is the least relation such that: 

• t f , for r = i A f 

• ^jjt2||^, if ti =^35^2 and t G T 

• X.{ti) \X.{t2), if ti ^gjt2 and X G 

A finite derivation in 3? from a term i to a term t' (through a finite sequence a — 
rir2 . . . r„ of rules in 3?), is a sequence d of one-step derivations to ti =l>gj t2 ■ ■ ■ ^=^^^ tn-i 
=\ tn, with to = t, tn = t' and '=$^^ tj+i for all i = 0, . . . , n — 1. The derivation d is a 
n-step derivation (or a derivation of length n), and for succinctness is denoted by t ^* 
t'. Moreover, we say that t' is reachable in 3? from term t (through derivation d). If a is 
empty, we say that d is a null derivation. 

A infinite derivation in 3? from a term t (through an infinite sequence cr = rir2 ... of rules 
in 3?) , is an infinite sequence of one step derivations to ti t2 ■ ■ ■ such that to — t and 
ti ti+i for alH > 0. For succinctness such derivation is denoted by t =^*. 
Notice that there is a strict correspondence between the notion of derivation from a term 
t and that of path from the term t. In fact, we have that there is a path to -^ti^t2 ■ ■ ■ 
from to in 3? iff there exists a derivation to ti ^^t2 ■ ■ ■ from to in 3?, with = label {ri), 
for any i (where for a rule r G 3? with r — t-^t' , label{r) denotes the label a of r). 

We rephrase now the semantics of RDHAs in the setting of PRSs. Let A = {Ai, . . . , An}, 
be a RDHA with A^ = {Qi U 5^, F^, go, , 6i). The for ^, written PRSa, is given 
as follows: 

1. Var = {Xq : q G UILi Qi} ^ {^fe • ^ ^ UILi -^i) variables indexed over 
the set of nodes and boxes; 

2. the alphabet E equals the alphabet T of ^ 

3. the set of rules 3? is the union of the following sets: 

(a) {X,^X,, : {q,a,NIL,q') G [j^^.S,} 

(b) {X, A e : {q, a, HALT, q') G ULi ^i} 



9 



(c) {X,Ax,.(Xp) : {q,a,NIL,{b,p)) E {Jti^^} 

(d) {X,.(Xp) Ax, : {{b,p),a,NIL,q) G JLi 

(e) {Xg, ||Xg2 AXg^ | | X,^ ! (^1, 0,7,^1), ( ^2 , d , 7 , ^2 ) > ^ Ur=l'^i} 

It is easy to show that the given translation of a RDHA A into PRSj^^, is correct in the 
sense that the LTS for a A and the LTS for PRSj^^ are isomorphic. 

The embedding of RDHAs into PRSs suggests an immediate interpretation of PRS 
format rules. Rules involving sequential composition allow one to model procedure call 
and termination: in particular a rule of the form X — > F. (t) allows to model procedure call, 
and a rule of the form Y.{t) ^ Z allows to model procedure termination (possibly with 
value return iit ^ e). Rules involving parallel composition allow to model dynamic process 
activation and synchronization among parallel process: the former can be expressed by rules 
having the form ti ^ ti || ^2, whereas the latter by rules having the form ti || ^2 ^ ^'i || ^2- 

In the following, we shall consider PRS in a syntactical restricted form called normal 
form. 

Definition 3.2 (Normal Form). A PRS 3? is said to be in normal form if every rule 
r G 3? has one of the following forms: 

PAR rules: Any rule devoid of sequential composition; 
SEQ rules: X^Y.{Z), X.{Y)^Z or X^Y, or X^e. 

with X,Y,Z G Var. A PRS where all the rules are SEQ rules is called sequential PRS. 
Similarly, a PRS where all the rules are PAR rules is called parallel PRS. 

With reference to our embedding of RDHA into PRS, notice that the PRS^ for a 
RDHA A is in normal form and consists of both sequential and parallel rules. 

The sequential and parallel fragments of PRS are significant: in ^Tj it is shown that 
sequential PRS?, are semantically equivalent (via bisimulation equivalence) to Pushdown 
Automata (PDA), while parallel PRSs are semantically equivalent to Petri Nets (PN). 
Moreover, from the fact that Pushdown systems and Petri Nets are not comparable (see 
|181 [7]) it follows that PRSs in normal form are strictly more expressive than both their 
sequential and parallel fragment. 

3.2 Decidability results for PRSs 

In this section we will summarize decidability results on PRSs which are known in the 
literature and which will be exploited in further sections of the paper. 

Verification of ALTL (Action-based LTL) 

Given a finite set S of atomic propositions, the set of formulae ip of ALTL over S is 
defined as follows: 

if ::= true \ | A (y92 | {a)ip \ ipiUip2 \ \ Ftp 
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where a G S 

In order to give semantics to ALTL formulae on a PRS 3?, we need some additional 
notation. Given a path vr = to ^ ^ ^2 • • • in 9ft, vr* denotes the suffix of vr starting 
from the i-th term in the sequence, i.e. the path ti tj+i .... The set of all the 
suffixes of vr is denoted by suffix{Ti) (notice that if vr is a run in 3ft, then vr* is also a run in 
3ft, for each i.) If the path vr = to ~^ ~^ • • • is non-trivial (i.e., the sequence contains at 
least two terms) firstact{iT) denotes ao, otherwise we set firstact{TT) to an element non in 
S. 

ALTL formulae over a PRS 3ft are interpreted in terms of the set of PRS runs satisfying 
the given ALTL formula. The denotation of a formula ip relative to 3ft, in symbols [[v^jjsR, 
is defined inductively as follows: 

• [[true]]sR = runs (JR.) 

• = runs{^) \ [[v?]]k 

• [[v^i A V92]]3? = [bi]]5R n [[^2\U 

• [[(a)v9]]sf{ = {vr G runsiJR.) \ firstactij:) = a and vr"^ G [[v^]]^} 

• [[v9if/(y92]]j{ = { vr G rans(3ft) | for some i > 0, vr* is defined and vr* G [[v52]]sr, and 

for all j < i,vr^ G [[v?i]]3? } 

• [[GLp]]?ii = {vr G runs(3ft) | suffix{n) C [[v9]]sr} 

. [[F^]]^ = {vr G rms(3ft) | suffix{n) n M]^ ^ 0} 

For any term t & T and ALTL formula (p, we say that t satisfies (resp., satisfies cp 
restricted to infinite runs) (w.r.t 3ft), in symbols t |=sr ip (resp., t |=sr,oo '^), if runs^it) C 
[Vp\]-R (resp., runs^^^(t) C [[</?]] jr). 

The model-checking problem (resp., model-checking problem restricted to infinite runs) 
for ALTL and PRSs is the problem of deciding if, given a PRS 3ft, a ALTL formula ip and 
a term t of 3ft, t |=5{ <y9 (resp., t |=sr,oo V')- The following are well-known results: 

Proposition 3.1 (see jTTj). The model-checking problem for ALTL and parallel PKSs, 
possibly restricted to infinite runs, is decidable. 

Proposition 3.2 (see [SI IT7j ^. The model-checking problem for ALTL and sequential 
PRSs, possibly restricted to infinite runs, is decidable. 

Verification of the reachable property 

A state property of a PRS 3ft over the alphabet S, is a formula of the propositional 
language over the set of atomic propositions of the form EN{a) for each a G S, defined as 
follows: 

(p ::= EN{a) \ -^(p \ (pi A ip2 \ ipi ^ ^2 
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where a G S 

The intuitive meaning of the atomic proposition EN{a) is that action a is currently 
enabled. The semantics of a formula in this language is given in terms of the set of process 
terms satisfying the formula. Therefore, the denotation [[^pW^t of the state formula is 
defined as follows: 

• [[EN{a)]]^ = {t G T I r : t At' G 3ft, for some t' G T} 

• [[V^l A Lp2\]3i = [[v?i]]k n [[V?2]]SR 

For any term t & T and state formula (f, we say that t satisfies ip (w.r.t 3ft), in symbols 
t |=sR V9, if t G [[v?]]sR. 

Given a state formula and a process term t, the reachable state property problem in 
3ft w.r.t t and ip is the problem of deciding whether there exists a process term t' reachable 
from t in 3ft, with t' \= (p. 

Proposition 3.3 (see [17] ). The reachable state property problem for PRS is decidable. 

4 Verification of properties about infinite runs in PRS. 

Our goal is to show decidability of some problems about infinite derivations of PRSs in 
normal form, and show how decidability of these problems can be used to check interesting 
properties of infinite state systems modelled by PRSs in normal form. For this reason we 
introduce the notion of Biichi Rewrite System [BRS). Intuitively, a BRS is a PRS where 
we can distinguish between non-accepting rules and accepting rules. 

Definition 4.1 (Biichi Rewrite System). A Biichi Rewrite System (BRS) over a finite 
set of process variables Var and an alphabet H is a pair (3ft, 3ftir), where ^ is a PRS over 
Var and S, and 3ftir C 3ft zs the set of accepting rules. 

A Biichi Rewrite System (3ft, 3ftir) is called a BRS in normal form (resp., sequential 
BRS, parallel BRS), if the underlying PRS^ is a PRS in normal form (resp., parallel PRS, 
sequential PRS). 

Definition 4.2 (Acceptance in Biichi Rewrite Systems). Let us consider a BRS 
M = (3ft, 3ftir). An infinite derivation t ^* in 3ft from t is said to be accepting {in M) if a 
contains infinite occurrences of accepting rules. 

A finite derivation t t' in 3ft from t is said to be accepting (m M) if a contains some 
occurrence of accepting rule. 
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The main result of this paper is the following: 

Given a BRS (3?, 3?i?) in normal form and a process variable X it is decidable whether: 
Problem 1: there exists an infinite accepting derivation from X ; 

Problem 2: there exists an infinite derivation from X, not containing occurrences of ac- 
cepting rules; 

Problem 3: there exists an infinite derivation from X, containing a finite non-null num- 
ber of occurrences of accepting rules. 

Before proving this result in Section 15 .21 we show how a solution to these problems 
can be effectively employed to perform model checking of some linear time properties of 
infinite runs (from process variables) in PRSs in normal form. In particular we consider 
the following small ALTL fragment 

::= Fi: \ GFip \ ^ip (1) 

where if) denotes a ALTL propositional formula^. For succinctness we denote a ALTL 
propositional formula of the form <a> true (with a G S) simply by a. 

The fragment allows us to express some useful properties on infinite runs. Examples are 
simple safety properties such as G Vr=i (resp., G /\^=i^ai), meaning that the system 
only executes (resp,. never executes) actions from the set {ai,...,a„}; guarantee proper- 
ties such as F V"^^ (resp., F Ar=i~"^«)' meaning that the system eventually executes 
[resp., does not only execute] actions from the set {ai,...,a„}; response properties such 
as GFy^^^ Qi (resp., GF /\^^^ ""^j), meaning that the system infinitely often executes ac- 
tions from the set (resp., outside the set) {ai,...,a„}; and persistence properties such as 
GFy^^^ai (resp., GF /\^^^^ai), meaning that the system executes almost always (resp., 
finitely often) some actions in the set {oi, ...,a„}. 

To prove the decidability of the model-checking problem restricted to infinite runs for 
this fragment of ALTL we need some definitions. 

Given a propositional formula ip over E we denote by [[iP]]t, the subset of S inductively 
defined as follows 

. Va G S [[a]]s = {a} 

. [h^]]s = S \ 

• [[^1 A V'2]]s = [IHh n [IHh 

^The set of ALTL propositional formulae ip over the set S of atomic propositions (or actions) is so 
defined: 

ip .:=<a> true {"tp Aip \ -tip (where a S S) 
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Evidently, given a PRS 3? over S, a ALTL propositional formula ip and an infinite run 
TT of 3fJ we have that vr G [[V^]];;} iff firstactiji) G [[V'lls- 

Given a rule r = t-^t' G 3ft we say that r satisfies the propositional formula t/; if a G [[V"]]!;- 
We denote by AC{ip) the set of the rules in 3ft that satisfy ip. 

The following is a model-checking procedure for the fragment of ALTL defined above with 
input a PRS 3ft in normal form, a temporal formula y?, and a process variable X. Let us 
denote by ip the propositional formula associated to ip. 

• Build the BRS (3ft, 3ftF), where Sftp = ACi^l)); 

• Then if ip is of the form: 

F if): X |=rf{,oo -F"^ if, and only if there does not exists an infinite derivation in 
(3ft, 3ftir) starting from X not containing occurrences of accepting rules. This 
amounts to solving Problem 2. 

-iFip: X |=sR,oo ~^F%p if, and only if there does not exists an infinite derivation 
in (3ft, 3fti?) starting from X containing occurrences of accepting rules. This 
amounts to solving a combination of Problem 1 and Problem 3. 

GFjip: X \=3i^oo GFip if, and only if there does not exists an infinite derivation in 
(3ft, 3ft i?) starting from X containing a finite number of occurrences of accepting 
rules. This amounts to solving a combination of Problem 2 and Problem 3. 

-iGFip: X |=sR,oo ~'GFip if, and only if there does not exists an infinite derivation 
starting from X containing an infinite number of occurrences of accepting rules. 
This amounts to solving Problem 1. 

So, we obtain the following result. 

Theorem 4.1. The model-checking problem for PRSs in normal form and the fragment 
ALTL (0) restricted to infinite runs from process variables is decidable. 

5 Decidability results on infinite derivations 

In this section we prove the main results of the paper, namely the decidability of the 
problems about infinite derivations stated in Section |3] Therefore, in Subsection 15.11 we 
report some preliminary results on the decidability of some properties about derivations of 
parallel and sequential BRSs which are necessary to carry out the proof of the main result, 
which is given in Subsection 15.21 

5.1 Decidability results on derivations of parallel and sequential 
BRSs 

In this section we establish simple decidability results on derivations of parallel and se- 
quential PRSs. These results are the basis for the decidability proof of the problems 1-3. 
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Proposition 5.1. Given a parallel BRS (3?', 3?'^) over Var and the alphabet S, and two 
variables X, F G Var, it is decidable whether: 



1. there exists a derivation in 3?' of the form X 1 1| 1^ for some term t. 

2. there exists an accepting [resp., non accepting) finite derivation in 3?' of the form 
X 4>*, t II Y , for some term t, with \a\ > 0. 

3. there exists an accepting {resp., non-accepting) finite derivation in 3?' of the form 

4- there exists an accepting {resp., non-accepting) finite derivation in 3?' of the form 

Proof. Parallel PRSs are semantically equivalent to Petri Nets [21]. The first problem 
is, therefore, reducible to the partial reachability problem for Petri Nets, which has been 
proved to be decidable in [ini US] • 

To prove decidability of the remaining problems, we exploit decidability of the model- 
checking problem for full Action-based LTL in parallel PRSs (see Proposition 13. ip . 

Let us consider the second problem. To show decidability of this problem, we start from 
3?' and build a new parallel PRS 3?" over the alphabet S = {f,nf,Y}, in the following 
way. We substitute every accepting (resp., non-accepting) rule in 3?' of the form t-^t', 

f nf Y 

with the rule t^t' (resp., t^t'). Finally, we add the rule r = Y ^Y . 

Y 

The reason to add the rule F — > F is to allow us to express reachability of variable Y 

as a ALTL formula. Similarly, the addition of the rules of the form t^t' [t — > t'] allows 
us to express in ALTL the application of accepting [non-accepting] rules along a run. The 
second problem is, therefore, reducible to the problem of checking whether there exists a 
run IT G runssfi"{X) satisfying the following LTL formula: 

(fi := F {f)F {Y)true [resp., ip := {nf) ( {nf)trueU {Y)true^ ] 

The formula F {f)F (Y)true intuitively means that, at least one accepting rule is even- 
tually applied, and, after that, the rule labelled Y is eventually applied (in other words, 
Y is reachable after some accepting rule application). On the other hand, the formula 
{nf) ( {nf)true U (Y)true ) means that, after a non-accepting rule (here we look for deriva- 
tions in 3?' with length strictly greater than 0), y is reached by applying only non-accepting 
rules. In terms of ALTL model-checking, the second problem corresponds to checking 
whether, for all vr G r'unssR"(X), vr ^ [[v^]]^?", or, in other words, to checking whether 
X |=sR" -i</5. If the result of this check is true, the second problem has a negative answer, 
otherwise, the answer is positive. 

Let us now consider the third problem. Similarly to the problem above, starting from 
3?', we build a new PRS 3?", this time on the new alphabet E = {/, nf} |J Var, as follows. 
We substitute every accepting (resp., non-accepting) rule in 3?' of the form t—^t' with the 

rule t^t' (resp., t-^t'). Finally, for all Y G Var we add the rule Y ^Y . Notice that. 
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by construction, a term t has no successor in 3?" if and only ii t — e. Let now (pi be the 
following LTL formula: 

(fi — \J (^{Y)true^ V {nf)true V {f)true 

Y&Var 

The negation of (pi (namely, -k/Ji) means that no rule can be applied, in other words the 
system has terminated. It is now easy to see that the problem is reducible to the following 
LTL model-checking problem in 3?" 

X |=3i// -.F [resp., X |=sr» {{nf)trueU ^ (pi) ] 

whose intuitive meaning is that it can never be the case that from X the system can 
eventually reach termination after some application of accepting rules [resp., the system 
cannot reach termination by applying only non-accepting rule] . 

Finally, let us consider the fourth problem. Starting from 3?', we build a new PRS 3?" 
over the alphabet E = {f,nf,e}[jVar, as follows. We substitute every accepting (resp., 

non-accepting) rule in 3?' of the form t-^t' with the rule t^t' (resp., t^t'). For every 
Z e Var, we add the rule Z Z. Finally, we add the rule F A e. Again, by construction, 
in 3?" a term t has no successor if, and only if, t — e. Let now (fi2 be the following LTL 
formula, 

(P2 = \/ (jY)true^ V {f)true V {nf)true V {s)true 

YeVar 

It is easy to see that the problem is now reducible to the following LTL model-checking 
problem in 3?" 

X Hk" - [F{{f)true) A {{{nf)true V {f)true) U {{Y) {e) ^ ^2))) 

[resp., X hsR" ^{{nf)trueU{{Y){e)^ip2)) ] 

meaning that it not the case that some accepting rule is eventually applied {F{{f)true)), 
while only rules in 3?' (cither accepting or non-accepting rules) are applied {{{nf)true V 
{f)true)) until Y is eventually reached and followed by immediate termination {{{Y){e) -> Lp2)) 
[resp., it is not the case that Y is eventually reached and followed by immediate termination 
by applying only non-accepting rules]. □ 

Let us now define an additional notion of reachability in a sequential PRS, and show that 
it is decidable whether two terms are reachable according to this notion. As we shall 
see in the next section, this decidability result will be needed to prove decidability of the 
problems on infinite derivations we are interested in. 

Definition 5.1. Given a sequential PRS 3? over Var, and variables X,Y & Var, we 
say that Y is reachable from X in 3?, if there exists a term t E T \ {e} of the form 
Xi.{X2.{. . . Xn-{Y) . . .)) {with n possibly equals to zero) such that X t. 
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Proposition 5.2. Let {^seq,^seq,f) be a sequential BRS over Var and the alphabet E. 
Given any two process variables X and Y in Var, it is decidable whether: 

1. Y is reachable from X in ^seq- 

2. Y is reachable from X in ^seq through a non accepting derivation. 

Proof. The proof relies on the decidabihty of the model-checking problem for LTL and 
sequential PRSs (see Proposition IH.2j) . 

First, we construct a new sequential PRS ^'seq o'^sr the alphabet S = {f,nf,Y}, in 
the following way. We replace every accepting (resp., not accepting) rule in ^seq of the 

form t-^t' with the rule t^t' (resp., t^t'). Finally, we add the rule r = Y -^Y . 

Now, the first problem can be restated as the problem of deciding, given two variables 
X and Y, whether the following property is satisfied: 

A. There exists a derivation in ^seq of the form X t for some term t G Tseq \ {£} 



witht = Xi.(X2.(...x„.(r)...)). 

Satisfaction of Property A can be expressed by the following LTL satisfaction problem: 
Property A is satisfied 
following LTL formula: 



Property A is satisfied if, and only if, there exists a run tt G runssfi'^^^{X) satisfying the 



if := F{{Y)true) 

Therefore, Property A is not satisfied if, and only if, for all vr G runs?fi'^^^{X), n ^ [[^/^JJsR'g^Q, 
that is if, and only if, X |=sr/ -up. 

Finally, consider the second problem. This problem can be restated as the problem of 
deciding, given two variables X and Y, whether the following property is satisfied: 

B. There exists a finite non-accepting derivation in ^seq of the form X ^k^^jq 
some term t G Tseq \ {e}, with t = Xi.(X2.(. . . A„.(F) . . .)). 

As it was the case for Property A, the satisfaction of Property B is reducible to the 
following LTL satisfaction problem in ^'seq'- 

X^^'^^^-^{i{nf)true)Ui{Y)true)) 

□ 

Proposition 5.3. Let us consider a sequential {resp., parallel) BRS (3ft', 3ft^) over Var and 
the alphabet S. Given X G Var, it is decidable whether the following condition is satisfied: 

• there exists in 3ft' an infinite accepting derivation {resp., an infinite derivation de- 
void of accepting rules, an infinite derivation containing a finite non-null number of 
accepting rule occurrences) from X . 
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Proof. The proof relies on decidability of the mo del- checking problem for LTL and se- 
quential PRSs (resp. parallel PRSs) restricted to infinite runs (see Propositions 13.21 and 
EI}. 

We first construct a new sequential (resp., parallel) PRS 3ft" over the alphabet S = 
{/, n/} as follows. We replace every accepting (resp., non-accepting) rule in 3ft' of the 

form t-^t' with the rule t^t' (resp., t-^t'). 

Let us first consider the problem of deciding whether 

A. There exists an accepting infinite derivation in 3ft' from X. 

The negation of Property A can be expressed by the following ALTL formula 

^ .-^GF{{f)true) 
Therefore, Property A is not satisfied if, and only if, X |=sr',oo f- 

Now, let us consider the problem of deciding whether 

B. There exists an infinite derivation in 3ft' from X devoid of accepting rules. 
The negation of Property B can be expressed by the following formula LTL 

99 := -1 G {{nf)true) 
Property B is, therefore, not satisfied if, and only if, X |=sr',oo ^■ 

Finally, let us consider the problem of deciding whether 

C. There exists an infinite derivation in 3ft' from X containing a finite non-null number of 

accepting rule occurrences. 

The negation of Property C can be expressed by the following formula LTL 

^:=-F((/) {G{nf)true)) 

Again, Property C is not satisfied if, and only if, X |=sr',oo f- □ 

Theorem 5.1. Let us consider a sequential BRS {^seq,^seq,f) and a parallel BRS 
{^par,^par.f) over Var and the alphabet S. Given X G Var, it is decidable whether 
one of the following conditions is satisfied: 

• there exists a variable Y G Var reachable {resp., reachable through a non-accepting 
derivation, reachable) from X in ^seq, o,nd there exists in '^par o,n infinite accepting 
derivation {resp,. an infinite derivation devoid of accepting rule occurrences, an 
infinite derivation containing a finite non-null number of accepting rule occurrences) 
from Y . 

• there exists in ^seq o-n infinite accepting derivation {resp., an infinite derivation 
devoid of accepting rule occurrences, an infinite derivation containing a finite non- 
null number of accepting rule occurrences) from X . 

Proof. The result follows directly from Propositions 15.21 and 15.31 □ 
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5.2 Decidability of properties about infinite derivations 

To prove decidability of Problems 1-3 stated in the previous section, we show that each of 
those problems can be reduced to (a combination of) two similar, but simpler, problems: 
the first is a decidability problem on infinite derivations restricted to parallel BRSs; the 
second is a decidability problem on infinite derivations restricted to sequential BRSs. Since 
each of those restricted problems is decidable (see theorem 15. 1|) . decidability of Problems 
1-3 is entailed. 

In particular, we show that, given a BRS (3?, ^f) in normal form over Var and the 
alphabet S, it is possible to effectively construct two BRSs, a parallel BRS {^par, ^par,f) 
and a sequential BRS {^seq, ^seq,f), in such a way that: 

1. Problem 1 is reducible to the problem of deciding, given a process variable X, if one 
of the following conditions is satisfied: 

• There exists a variable Y G Var reachable from X in ^seq, and there exists an 
infinite accepting derivation in ^par from Y. 

• There exists an infinite accepting derivation in ^seq from X. 

2. Problem 2 is reducible to the problem of deciding, given a process variable X, if one 
of the following conditions is satisfied: 

• There exists a variable Y G Var reachable from X in ^seq through a non- 
accepting derivation, and there exists an infinite derivation in ^par from Y not 
containing accepting rule occurrences. 

• There exists an infinite derivation in ^seq from X not containing accepting 
rule occurrences. 

3. Problem 3 is reducible to the problem of deciding, given a process variable X, if one 
of the following conditions is satisfied: 

• There exists a variable Y G Var reachable from X in ^seq, and there exists 
an infinite derivation in ^par from Y containing a finite non-null number of 
accepting rule occurrences. 

• There exists an infinite derivation in ^seq from X containing a finite non-null 
number of accepting rule occurrence. 

In the following, 3?^ (resp., 3?^) denotes the set 3? (resp., the set ^p) restricted to PAR 
rules. 

Before illustrating the main idea underlying our approach, we need few additional defi- 
nitions and notation, which allows us to look more in detail at the structure of derivations. 
The following definition introduces the notion of level of application of a rule in a derivation: 
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Definition 5.2. Let t =^^t' be a single-step derivation in 3?. We say that r is applied at 
level in t^^t', if t — t\\s, t' — t\\s' {for some t,s,s' e T), and r — s-^s', for some 
a EE. 

We say that r is applied at level A; > in t^^t', if t = t\\X.{s), t' = t\\X.{s') {for 
some t, s, s' E T), s =^„s', and r is applied at level k — 1 in s =r;^s'. 

The definition above extends in the obvious way to n-step derivations and to infinite 
derivations. The next definition introduces the notion of subderivation starting from a 
term. 

Definition 5.1 (Subderivation). Lett 4>*t||X.(s) =4>* be a finite or infinite derivation 
in K starting from t. The subderivation d' = s oi d = t\\X.{s) =5>* from s is inductively 
defined as follows: 

1. if d is the null derivation or s — e, then d' is the null derivation; 

2. if a — ra', and d is of the form 

t\\X.{Z) \ t\\Y 4* {with r = X(Z)Ar) 
then d' is the null derivation. 

3. if a = ra' , and d is of the form 

t\\X.{s) \ t\\X.{s') 4>* {with s \ s') 

then d' = s s' with s' ^* the subderivation oft\\X.{s') =>^from s' ; 

4. if (7 — ra' , and d is of the form 

t\\X.{s) \ t'\\X.{s) 4* {with t \ t') 
then d' is the subderivation oft'^X.{s) =>*from s; 

Moreover, we say that d' is a subderivation oft =^*. 

Clearly, in the definition above is a subsequence of a. Moreover, if k is the level of 
application of a rule occurrence of fi in the derivation d then, k > 0, and this occurrence 
is applied in the subderivation d' = s at level k — 1. 

Moreover, we say that a subderivation s of X from s is a maximal subderivation 

in X , if there is no subderivation s of X from s, with p a proper subsequence 
of p. 

Given a sequence a — rir2 . . .rn ■ ■ ■ of rules in 3?, and a subsequence a' — rkj^rk^ ■ ■ ■ . . . 
oi a, a\ a' denotes the sequence obtained by removing from a all and only the occurrences 
of rules in a' (namely, those for which it exists a. j — 1, . . . ,\a'\, with kj — i). 
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Definition 5.3. The class B^par {resp. Upar) is the class of derivations t^^ in 3? not 
satisfying the following property: 

• the derivation t^"^ can be written in the form t'||X.(s)4»* such that the 

subderivation of t'\\X.(s)^^ from s is an infinite derivation (resp., an accepting 
infinite derivation). 

Let us sketch the main ideas at the basis of our technique. To fix the ideas, let us 
consider the problem 1. Moreover, let us focus first on the class of derivations Upar, 
showing how it is possible to mimic accepting infinite derivations in 3? from a variable, 
belonging to this class, by using only PAR rules belonging to an extension of the parallel 
BRS {^^,^p) denoted by {^par,^par,f)- More precisely, we show that 

A. if p =4>* (with p E Tpar) is an infinite accepting derivation in TIpar then, there exists 
an infinite accepting derivation in (Kpar, '^par,f) from p, and vice versa. 

With reference to Problems 2 (resp., 3), within {^par, ^par,f) it will also be possible to 
simulate an infinite derivation in 3? from p e Tpar belonging to Sp^R, and not containing 
accepting rule occurrences (resp., containing a finite non-null number of accepting rule 
occurrences), through an infinite derivation in ^par fromp, not containing accepting rule 
occurrences (resp., containing a finite non-null number of accepting rule occurrences), and 
vice versa. 

Suppose now that the accepting infinite derivation p =5>* belongs to Urar- Then, all its 
possible sub derivations contain all, and only, the rule occurrences in a applied at a level k 
greater than in j9 If a contains only PAR rule occurrences the statement A is evident 
since {^par,^par,f) is an extension of {^^,^p). Otherwise, p^*^ can be written in the 
form: 

pAlt\\Z'^^t\\Y.(Z)^l (1) 

where r = Z' -^Y.{Z), A contains only occurrences of rules in 3?p, and t e Tpar- Let 
be the subderivation of t ||y.(Z) from Z. 
Since p =5>* is in Upar, Z does not contain infinite occurrences of accepting rules. 
Thus, only one of the following three cases may occur: 

A ^=%j leads to the term e, and p=5>^ is of the form 

pAlt\\Z'\t\\Y.iZ)%t\\Y% (2) 

where p is a subsequence of uji and t t. The infinite derivation above is ac- 
cepting if, and only if, the following infinite derivation, obtained by anticipating (by 
interleaving) the application of the rules in p before the application of the rules in 
^ = a;i \ p, is accepting 

p4-lt\\Z'\t\\Y{Z)Alt\\YAlt\\Y^l (3) 
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where 1 4>^ t. 

The idea is to collapse the derivation Z' Y-{Z) Y into a single accepting PAR 
rule of the form Z' Y, if rp is accepting, or into a non-accepting PAR rule of the 
form Z' -^Y, if rp is non-accepting. 

Notice that in the step from (0) to Q, we exploit the fact that the properties on infi- 
nite derivations we are interested in are insensitive to permutation of rule applications 
within a derivation. 

Now, we can apply recursively the same reasoning to the infinite accepting derivation 
in 3? from t\\Y G Tp^R 

t||y4;t||F^; (4) 

which belongs to Upar- 
B The subderivation Z leads to a variable W and p can be written as: 

pAitw z' \ t II Y. (z) ^; t\\ Y{w) 4 1\\ w ^; (5) 

where r' = Y.{W) A W' (with W e Var), p is a subsequence of ui and t ^^t. 
The derivation above is accepting if and only if the following derivation is accepting 

p 4; t II z' \ t II Y (z) t II Y.{w) 4; t \\ w 4; t \\ w % (6) 

with ^ = LUi/p. 

In this case we shall collapse the derivation Z' Y.{Z) Y.{W) =%iW' into a single 

$ 

accepting PAR rule of the form Z' W, if rpr' is accepting, or into a non-accepting 
PAR rule of the form Z' — > VT', otherwise. 

Now, we can apply recursively the same reasoning to the infinite accepting derivation 
in3?fromt||l^'GTp^ij 

t\\w' A;,t\\w' (7) 

which belongs to Upar- 

C In this case Z 4^ does not influence the applicability of rules in \ p in the derivation 
t II Y.(Z) (i.e. the rule applications occurring in p can be arbitrarily interleaved 

with any rule application in u/p). In other terms, we have ^4*^ that is still an 
infinite accepting derivation in Upar- On the other hand, if Z =^*^ contains some 
occurrence of accepting rule or r is an accepting rule, we cannot abstract this infor- 
mation away. In fact, it might be the case that the infinite number of accepting rules 
occurring in p is due to an infinite number of occurrences of sub derivations like 
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Z . For this reason, we keep track of a possible occurrence of accepting rule in 
the sequence rp by adding a new variable Z^cc and an accepting rule of the form 
Z' — > Zacc- 

In other words, we are going to build a parallel BRS ^pari ^par,f) where all the 
maximal finite accepting [resp., non-accepting] subderivations and the maximal infinite 
sub derivations containing a finite number of accepting rule occurrences are abstracted 
away by PAR rules not occurring in 3fJ, according to the intuitions given above. 

The extended BRS {^par, ^par,f) is constructed in two steps. In the first step, 
(3?^, ^p) is extended with PAR rules of the form X -^Y, where X,Y G Var, and a G 
{$, in such a way that it is possible to keep track of subderivations of the forms A and 
B. In the second step, rules of the form X — >• Zacc ot of the form X —>■ Z]^ot.acc (with 
X e Var) are added, so as to be able to keep track of derivations of the form C. 
The first extension of (9ft^,3fJf^), denoted by {^par, ^par,f), is defined as follows. 

Definition 5.4. The BRS {^par,^par,f) is the least parallel BRS over Var and the 
alphabet S' = S |J{$, #} satisfying the following properties: 

1- ^PAR 5 andMpAR,F ^ ^Fi 

2. X^Y e MpAR, if there is a rule X ^Y.{Z) e 3? \ ^p, and Z^*_^^^e with a 
non-accepting in ^par! 

3. X -^Y E ^pAR,F, if there is a rule r = X -^Y.{Z) G and Z e and, either 
a is accepting in '^par, or r G Kf/ 

4. X^W e MpAR, if there are rules X ^Y.{Z) e ^\^f and Y.{W) e^\^F, 
and Z =5>1 W , with a non-accepting; 

^PAR 

5. X^W e MpAR,F, if there are rules r = X^Y.{Z) and r' = Y.{W) e^, 
and Z=l>* W and, either a is accepting in "^par, or r G ^f, or r' G 'Sip- 

^PAR 

Lemma 5.1. The parallel BRS {^par,^par,f) can be effectively constructed. 

Proof. Figure reports the procedure BuiLD-PARALLEL-BRS((3fJ, 3?^)), which, starting 
from (3fJ, 3fJi?), builds a parallel BRS {^par,aux,^par,aux,f) ■ The algorithm BuiLD- 
PARALLEL-BRS((9ft, ^p)) employs three auxiliary sets of rules 3ft, ^p and RuleSEQ, and 
a flag. 

From Proposition 15.11 follows that the conditions checked in each of the if statements 
in lines 9, 16, 22 and 29 are decidable, therefore, the procedure is effective. 

Let us show that the algorithm terminates. To see this, it suffices to prove that the 
number of iterations of the repeat loop is finite. Recall that the termination condition 
of this loop is flag = false. At the beginning of every iteration the flag is set to false. 
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Algorithm BUILD-PARALLEL-BRS((3fi, ^p)) 



1 ^PAR.AUX := {r € ^ \ r is a PAR rule}; 

2 ^PAB.,Aux,F '■— {r G \ r is a PAR rule}; 

3 1:=1;.:=0; 

4 RuleSEQ := {X Y.{Z) € 3?}; 

5 repeat 

6 flag: = false; 

7 while RuleSEQ^ do 

8 extract a rule X-^Y.{Z) from RuleSEQ; 

9 if =^»p^jj ^t^x ^' ("^ accepting or X -^Y.{Z) G Kf) then 

10 ifX-^F^lthen 

11 3?PAi?,AC/x := »PAi?,AC/x U {X^Y}; 

12 1:^1 U{^-^^}; 

13 ^PAR,AUX,F ■= ^PAR,AUX,F [J {-'^^^j; 

14 Mp ■.= Mf U {x-^y}; 

15 flag:=true; 

16 if X-^y.(Z) ^ 3?i? and -^^^Rp^^^y^ ^ ^nd a is not accepting then 

17 ifX^y^lthen 

18 3ipA_R,A!7X := ^PAR.,AUX U {-'^^^}; 

19 1:=1U{^^5^}; 

20 flag:=true; 

21 for each y.(W^) VF' G do 

22 if Z:%^^^^^^W and (a IS aeeepting or X ^Y.{Z) G^F or 

Y.{W)-^W'e^F) then 

23 if X M^' ^ 1 then 

24 3?PAi{^A!7X := 5RpAij,AC/x U {X^W}; 

25 K:=l U {^^W^'}; 

26 3?PAfl,A;7x,F := ^par,aux,f U {-'^-^W^'}; 

27 Mp :=1f U {^^VF'}; 

28 flag:=true; 

29 if X A ^ 5Rp and F.(W') W"' ^ 3?^ and 

Z W and cr is not accepting then 

30 if X ^ W ^ 1 then 

31 ^PAR,AUX ■= ^PAR.AUX U {X—fW}; 

32 1:=1 U {X^VP^'I; 

33 flag:=true; 

34 done t> for 

35 done > while 

36 RuleSEQ := {X A Y.{Z) G 3?}; 

37 until flag = false 



Figure 1: Algorithm to turn a BRS in normal form into a parallel BRS. 
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Moreover flag is reset to true either when a new rule of the form X -^Y is added to 3? 

(hnes 10-15, or hnes 23-28), or when a new rule of the form X is added to 9fJ (lines 

17-20, or lines 30-33). Since the set of rules of the form X ^Y ot X ^Y (with X,Y in 
Var) is finite (being Var finite), termination immediately follows. 

We now prove that {^par,aux, ^par,aux,f) is a parallel BRS satisfying the properties 
of Definition 15.41 The following properties are clearly satisfied: 

a) After initialization (lines 1-4) ^par,aux = 3^ U {r E 'St \ r is a PAR rule} (where for 

simplicity we consider the lines 11-12, 18-19, 24-25, 31-32 a single atomic instruc- 
tion). 

Moreover, ^par,aux,f = U {r E \ r is a PAR rule} (where for simplicity we 
consider the lines 13-14, 26-27 a single atomic instruction). 

b) Wp C 1. 

With ^PAR (resp., ^par) we denote the set ^par,aux (resp. ^par,aux,f) at termi- 
nation of the algorithm. We show that {^par, ^par,f) satisfies Properties 1-5 of Defini- 
tion EiU Property 1 is clearly satisfied as a consequence of lines 1 and 2 of the algorithm. 

Let us prove Property 2. Let X — > Y.(Z) e ^\^p and Z ^1 e, with a non accepting 

^PAR 

(i.e., not containing occurrences of rules in ^par,f)- We have to show that X ^Y E ^par- 

# — 

In particular, we show that X ^Y E ^. Let us consider the last iteration of the repeat 
loop. Since any update of the sets ^par,aux,^,^par,aux,f, ^f (the flag is set true) 
involves a new iteration of this loop, it follows that at this step ^par,aux = ^par, 
^PAR,Aux,F = ^par,f, and they will not be updated anymore. Now the rule X -^Y.{Z) 
is examined during an iteration of the inner while loop. During this iteration, since 
^PAR,Aux = ^PAR and ^par,aux,f = ^PAR,F, the condition of the if statement in line 16 
must be satisfied. On the other hand, since ^par,aux and 3? cannot be update anymore, 

the condition of the if statement in line 17 cannot be satisfied. Therefore, X —*Y E 
and Property 2 is proved. Following a similar reasoning, we can easily prove that also 
Properties 3-5 are satisfied. 

Finally, it is easy to see that {^par, ^par,f) is the least parallel BRS over Var and S' 
satisfying Properties 1-5 of Definition 15.41 □ 

Now, let us consider the parallel BRS {^par, ^par,f) computed by the algorithm of 
Lemma 5.1. As anticipated, in order to simulate subderivations of the form C, we need to 
add additional PAR rules in {SipAR, 'SipAR,F)- We need of the following decidability result. 

Proposition 5.4. Given a BRS (9ft, ^p) in normal form, and a variable X E Var, it is 
decidable whether there exists a finite accepting derivation in 3ft from X . 

Proof. We show that the problem is reducible to the reachable property problem for PRSs, 
which is decidable (see Proposition 13. 3|) . 
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Starting from we build a new PRS 3?' in the following way. Consider the alphabet 
S = {/, nf}, containing only two symbols. Substitute every accepting (resp., not accepting) 

rule in 3? of the form t-^t' with the rule t^t' (resp., t—^t'). 

Clearly, there exists a finite accepting derivation in 3? from X if and only if there exists 
a term t reachable from X in 3?' satisfying the state property EN{f). This concludes the 
proof. □ 

Now, we consider the set of variables Var = Var[j{ZAcc, Znot^cc}- Moreover, with 
T [resp., TpAR, Tseq] we refer to the set of process terms [resp., the set of terms in which 
no sequential composition occurs, the set of terms in which no parallel composition occurs] 
built over Var. 

The following definition provides an extension of {'SipAR, ^par,f) suitable to our pur- 
poses. 

Definition 5.5 (Rewrite System ^par)- The BRS {'SipAR,'SipAR,F) is the parallel BRS 
defined from (3?, 3fJi?) and {'SipAR,^PAR,F) as follows: 

• ^PAR = ^PAR U 

{X —> Zacc I 3r = X A Y.{Z) G 3? such that either r G or there 

exists a finite accepting derivation in 3? from Z} U 
{X Z^oT^cc I 3r = X A r.(Z) G 3? \ ^p} 

• ^PAR,F = 3?pAR,F U {X Zacc ^ ^par} 
Lemma 5.2. {^par,^par,f) can be built effectively. 

Proof. It follows directly from Proposition 15.41 □ 

Remark 5.1. Notice that ^par \ ^par contains rules of the form X ^ Zacc or of the 
form X Znot.acc, O'^d every rule in '^par does not contain in the left-hand side any 
occurrence of Zacc md Znot.acc- Therefore, it immediately follows that for allt G T: 



and for all X, y G Var 



t^* e ^ t^* e (1) 



X4>: Y Y^l Y (2) 

^PAR npAR ^ ' 



From (l)-(2), it follows immediately that {^par,^par,f) still satisfies properties 2-5 of 
Definition \5.4\ 

Now, let us go back to Problem 1 and consider an infinite accepting derivation of the 
form X =§>*, with X G Var. If X ^* belongs to lipARi as we have seen, it is possible to 
mimic that derivation with an accepting infinite derivation in (^paR)'^par,f) ) and vice 
versa. 

Let us now assume that X ^* does not belong to the class Urar- In this case, the 
derivation X ^* can be written in the form X ^* i(:||y.(Z) with Z G Var, and where 
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the subderivation of ^* from Z is an infinite accepting derivation in 3? from Z. 

To mimic this kind of derivations, we build, starting from the BRSs {^par, ^par,f) and 
{^,^f), a sequential BRS {^seq,^seq,f) according to the following definition: 

Definition 5.6 (Rewrite System ^seq)- The BRS {^seq,^seq,f) is the sequential 
BRS defined from (3?, ^p) over the alphabet S' = S U {$, 7^} as follows: 

• ?fisEQ= {X^Y.{Z) G 3?} U 

{X —>-Y\ X,Y E Var and there exists a non-accepting derivation 

X ^Kp^B P II ^ "^PAR for some p G Tpar with \a\ > 1} U 

{X — > 1^ I X, y G Var and there exists an accepting derivation 
X p\\Y in ^PAR for some p G Tpar} 

• ^SEQ,F={X^Y{Z)e^F} U {X^Ye^SEQ} 

Lemma 5.3. {^seq, ^seq,f) can be built effectively. 

Proof. Follows directly from the definition of {^seq,^seq,f) and Proposition 15.11 □ 

Soundness and completeness of the procedure described above is stated by the following 
theorem, whose proof is reported in the appendix. 

Theorem 5.2 (Soundness and Completeness). Given X G Var, there exists an in- 
finite accepting derivation in 9ft from X {resp., an infinite derivation devoid of accepting 
rule occurrences, an infinite derivation with a finite non-null number of accepting rule 
occurrences) if, and only if, one of the following conditions is satisfied: 

1. there exists a variable Y G Var reachable [resp., reachable through a non-accepting 
derivation, reachable) from X in ^seq, and there exists in 3ft par an infinite accepting 
derivation {resp,. an infinite derivation devoid of accepting rule occurrences, an 
infinite derivation containing a finite non-null number of accepting rule occurrences) 
from Y . 

2. there exists in ^seq an infinite accepting derivation {resp., an infinite derivation 
devoid of accepting rule occurrences, an infinite derivation containing a finite non- 
null number of accepting rule occurrences) from X . 

This result, together with Theorem 15. H allow us to conclude that Problems 1-3, stated 
at the beginning of this section, are decidable. 
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APPENDIX 



A Definitions and simple properties 

In this section we give some definitions and deduce simple properties that will be used in 
Appendices B and C for the proof of Theorem 15 .21 

In the following Var denotes the set of variables Var U {Zacc, Z^ot^cc}, T denotes 
the set of terms over Var, and Tpar (resp., Tseq) the set of terms in T not containing 
sequential (resp., parallel) composition. 

Definition A.l. The set o/subterms of a term t eT, denoted by SuhTerms{t), is defined 
inductively as follows: 

• SubTerms{e) = {e}; 

• SubTerms{X) = {X}, for all X G Var; 

• SubTerms{X.{t)) = SubTerms{t) U {X.{t)}, for all X.{t) e T with t ^ e; 

• SubTerms{ti\\t2) = IJ(t' f ):=s{SubTerms(t[) U SubTerms{t'2)) U {ti||t2}; 
with S = {(t'l.t'a) eT xf\ t[,t'2 and ti\\t2 = ^1114} andti,t2 E T\{6}. 

Definition A. 2. The set of terms obtained from a term t eT substituting an occurrence 
of a subterm st oft with a term t' E T, denoted by t[st t'], is defined inductively as 
follows: 

• t[t ^ t'] = {f}; 

• X.{t)[st t'] = {X.{s) \ s E t[st t']} , for all terms X.{t) E T with t ^ e and 
St E SubTerms{X.{t)) \ {X.{t)]; 

• ti\\t2[st t'] = {t" II t'2 I (t'l, t'2) E TxT, t[,t'2 ^ e, t\ II t'2 = ti II t2, st E SubTerms{t[), 
t" E t'^[st t'W, for allti,t2 ET\{e} and st E SubTerms{ti Hts) \ {ti ||t2}. 

Definition A. 3. For a term t E T, the set of terms SEQ{t) is the subset of Tseq \ {^} 
defined inductively as follows: 

• SEQ{e) = 0; 

• SEQ{X) = {X}, for all X E Var; 

• SEQ{X.{t)) = {X.{t') I t' E SEQ{t)}, for all X E Var and t E T \ {e}; 

• SEQ{ti\\t2) = SEQ{ti) U SEQ{t2). 

Definition A. 4. Let cji and a2 be finite sequences of rules in 3? {the empty sequence is 
denoted by e). The interleaving of ai and a2, in symbols Interleaving{ai, a2), is the set of 
rule sequences in 3? inductively defined as follows: 
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• Interleaving{e, a) = Interleaving{a, e) = {a}; 

• Interleaving{riai,r2(T2) = {ria \ a E Interleaving{ai,r20-2)} |J 

{r2cr I a G Interleaving{riai, a2)} 

where ri and r2 are rules in 3?. 

For a term t G Tseq \ i^} having the form t = Xi.{X2.{. . . Xn-{Y) . . .)), with n > 
0, we denote the variable Y by last{t). Given two terms t,t' G Tseq \ i^}, with t = 
Xi.{X2.{. ..Xn.{Y) . . .)) and t' = X;.(X^.(. . . . .)), we denote with t o t' the term 

Xi.(X2.(. . . xJ{X[.{X!^ .(. . . X^.(r') . . .))) . . .))• Notice that tot' is the only term in t[Y 
t'] and that the operation o on terms in Tseq \ i^} is associative. 

Remark A.l. For terms t,t' G T, with t' ^ e and st G SubTerms{t) , it holds that if 
s G t[st — > t'], then t' G SubTerms{s) . 

Proposition A.l. The following properties hold: 

PI. If t t' and t G SuhTerms{s) , for some s E T, then it holds s ^* s' , for all 
s' G s[t t']; 

P2. If t is an infinite derivation in 3? and t G SubTerms{s) , for some s G T, then it 
holds s 

Proof. In the proof we exploit the following property (which can be easily checked): 

A. If t =\t' and t G SubTerms{s), for some s G T, then it holds s =^jf s' for all s' G s[t t'] 

Let us prove the property PI reasoning by induction on the length of a. 

Base Step: |cr| = 0. In this case Property PI is obvious. 

Induction Step: \a\ > 0. The derivation t ^* t' can be written in the form 

t ^^t \ t' with \a'\ = |a| - 1. 

Let s G T be a term with t G SubTerms{s). By inductive hypothesis, it holds that s s, 
for all s G s[t — > t]. Since t =\t' and t G SubTerms{s) (see Remark lA. Hi . from Property A 
we deduce that, for all s' G s[t t'], it holds s =^,5 s' . Moreover, one can easily prove that, 
for all s' G s[t ^ t'], there exists a s G s[t — > t] such that s' G s[t t']. This immediately 
proves the thesis. 

Now, let us prove Property P2. The infinite derivation t ^* can be written in the form 

t Afi h ^2 An- ■ ■ 

Now, let s G T be a term with t G SubTerms{s). From Property A, it follows that s =\si, 
for all Si G s[t — > ti\. Moreover, from Remark I A. 11 we deduce that ti G SubTerms{si). 
Therefore, by repeating the reasoning above, it is possible to define a sequence of terms, 
{sn)n£N, such that 

s =^jj Si and s„ Sn+i, for all n > 0, 
thus proving the thesis. □ 
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Proposition A. 2. Ift,t' G Tseq \ {£} CLre terms with last{i) ^* t' , then it holds that 
PI. t ^;tot'; 

P2. t" otA*^t"otot' for all t" e Tseq \ {e}. 

Proof. Let us prove Property PI. We know that lastit) ^* t' and last{t) G SubTermsit). 
By observing that t\last{t) ■—>■ t'] = {t o t'}, from Propertv lA. II we obtain the thesis. 
Let us prove Property P2. By Property PI, we have that t ^* t o t'. Moreover, for all 
t" G Tseq \ {e} we have that t G SuhTerms{t" o t) and t" ot[t-^to t'] = {t" o t o t'}. From 
Propertv lA.ll we have the thesis. □ 



B Proof of the sufficient condition of Theorem 15.2 

In order to prove the if direction of Theorem 15.21 we need the following Lemmata IB. lfjB31 

Lemma B.l. If r = t-^t' G SftpAi? \ 3^, then there exists a finite derivation in K of the 
form t 4** t' , with \a\ > 0. Moreover, a is accepting {resp., non-accepting) , if r E ^par,f 
{resp., r ^ ^par,f)- 

Proof Let r = t-^t' G ^pab^ \ then c G {#, $} and t, t' G Var. Moreover, c = # (resp., 
c = $) if, and only if, r ^ ^par,f (resp., r ^ ^par,f)- Let us consider the Algorithm 
BuiLD-PARALLEL-BRS (see Lemma l5.1|) . Suppose that r is the n-th rule added to 3? 
during the execution of the algorithm. Rule r is added to 3? during an execution of the 
repeat loop, where a rule r' of the form X~>-Y.{Z) G 3? is considered. The proof is by 
induction on n. 

Base Step n = 1. At this step of the algorithm the following holds: 

1- ^PAR,Aux = {r G 3? I r is a PAR rule} and ^par,aux,f = {r E I r is a 
PAR rule} 

First assume that r ^ ^par,f- Then, c = and there are two cases: 

• r is added to 3ft in Line 19. Then r = X—^Y, and the condition in the if 
statement of Line 16 is satisfied. Therefore, r' # 3?/? and Z ^* e, with 
p devoid of (accepting) rules in ^par,aux,f- From Property [U above, p must 

be a sequence of non-accepting rules in 3?. Therefore, X Y-iZ) 4>* F is a 
non-accepting derivation in 3?. 

• r is added to 3? by the inner for loop in Lines 21-34, when a rule r" of the 

form Y.{W)-^W' G 3? is considered. Then, r = X^W, and r is added to 3? 
in Line 32. Hence, the condition of the if statement in Line 29 is satisfied. 
Therefore, r',r" ^ ^p and Z W, with p devoid of (accepting) rules 
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in ^pAR,Aux,F- Again, from Property [H p must be a sequence of non-accepting 

rules in 3ft. It follows that X Y.{Z) 4>* Y.{W) W is a non-accepting 
derivation in 3ft. 

Assume now that r G ^par,f- Then, c = $, and there are two cases: 

• r is added to 3ft in Line 12. Thus, r = X-^Y, and the condition of the if 
statement in Line 9 must be satisfied. In particular, we have that Z e. 

^ ' ^PAR,AUX 

By PropertyHl it holds that Z =^*^ e. Therefore, if r' G 3fti7, the thesis is proved. 
Otherwise, Z ^* e, with p containing occurrences of (accepting) rules 

in 'SipAR,Aux,F- In this case, the thesis immediately follows from Property [TJ 

• r is added to 3ft by the inner for loop in Lines 22-34, when a rule r" of the 

form Y.{W)^W' G 3ft is considered. Then, r = X^W, and r is added to 3ft in 
Line 25. Hence, the condition of the if statement in Line 22 must be satisfied. 
In particular, it holds that Z =^*^p^^ W. By Property [U we have Z W. 
Therefore, if r' G or r" G 3fti?, we obtain the thesis. 

Otherwise, it holds that Z 4>* W, with p containing occurrences of 

' ^PAR,AUX ' ^ 

(accepting) rules in ^par,aux,f- In this case, p is a sequence of accepting rules 
in 3ft by Property ^ and the thesis immediately follows. 

Induction Step n > 1. Let 3ft be the set of the rules in 3ft after n — 1 rules have been 
added. Then the following condition holds: 

2. 3ftpAi?,Ai/x = {r G 3ft I r is a PAR rule} U W, and 

^PAR,Aux,F = {r G 3fti7' I r is a PAR rule} U {X^Y G 3ft'}. 

By inductive hypothesis, the thesis holds for every rule in 3ft . Let us consider the 
case where r ^ ^par,f (the proof is similar in the case where r G ^par,f)- Then, 
c = and there are two cases: 

• r is added to 3ft in Line 19. Thus, r = X^Y, and the condition of the if 
statement in Line 16 must be satisfied. Therefore, r' ^ and Z ^* 

' ^ ^ ^PAR,AUX 

e with p devoid of (accepting) rules in 3ftpAi?,Ai/x,F- From Property |21 either p 
contains occurrences of non-accepting rules in 3ft, or it contains occurrences of 
rules in 3ft \ 'S^par^f- By inductive hypothesis, for every rule in 3ft \ 3ftpAK,F of 
the form ti-^t2 there exists a non accepting derivation in 3ft of the form ti ^* 
^2- As a consequence, there exists a non accepting derivation in 3ft of the form 

P' r' p' 

Z ^* e, with p' non-accepting. Therefore, X =\ Y-iZ) ^* is a non accepting 
derivation in 3ft. 

• r is added to 3ft by the inner for loop, when a rule r" of the form Y.{W)-^W' G 3ft 
is considered. Then, r = X^W, and r is added to 3ft in Line 32. Therefore, the 
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condition of the if statement in Line 29 must be satisfied. Hence, r',r" ^ 
and Z W, with p devoid of (accepting) rules in ^par,aux,f- Again, 

from Property El either p contains occurrences of non accepting rules in or it 
contains occurrences of rules in 3? \ ^par,f- By inductive hypothesis, it follows 

that Z W, with p' non-accepting. Therefore, the derivation X =^^Y.{Z) ^* 

Y.{W) =\W is a non-accepting derivation in 3fJ. □ 

Lemma B.2. Let p,p',p" G Tpar, where p' does not contain occurrences of Z^cc (^iT-d 
Znot^cC) and p" does not contain occurrences of variables in Var. 

Up ^Mp4fl p'Wp"; then there exists a term t E T and a derivation p 4>* p' \\t in 3?, 
with \p\ > 0, if \cr\ > 0. Moreover, if a is accepting {resp., non accepting) then, p can be 
chosen accepting {resp., non-accepting) . 

Proof. The proof is by induction on the length of the rule sequence a. 

Base Step |cr| = 0. In this case the conclusion immediately follows. 

Induction Step \a\ > 0. In this case the derivation p =%}^^^ p' \\p" can be written in the 
following form: 

p^l,,,^ pWp 

with \a'\ < \a\, r E ^par and p',p" G Tpar- Moreover, p' does not contain occur- 
rences of Zacc and Znot^cc, and p" does not contain occurrences of variables in 
Var. 

By inductive hypothesis, there exists a term t E T, and a derivation p ^* p' \\ t, with 
Ip'I > 0, if I a' I > 0, and p' accepting (resp., non accepting), if a' is accepting (resp., 
non accepting). Then, there are three possible cases: 

1. r is a PAR rule in 9ft. From the definition of ^par, r G ^par, and r G ^p if, 

and only if, r G ^par,f- Moreover, p" = p" and p' ^3,^^^ p'- Therefore, p ^* 

P' II ^ II ^5 with p'r accepting (resp., non accepting), if a'r is accepting (resp., 
non-accepting). 

2. r G MpAR \ 3ft. Therefore, r = X^Y, with X,Y e Var, a G {#, $} and r 
accepting (resp. non accepting), if a = $ (resp., a = #). From Lemma \B.1\ 

p" 

we have that X ^* Y , with p" accepting (resp., non accepting), if r G 3ftpAi?,F 
(resp., r ^ 3ftpAi?,F), and \p"\ > 0. Moreover, p" = p" and p' =\p^^ p' ■ Hence, 

p' — - p" - 

there exists in 3ft the derivation p p' || t || t, where the rule sequence p' p" 
is accepting (resp., non-accepting), if a'r is accepting (resp., non-accepting). 

3. r G ^par\^par- Therefore, r = X^Y, withX G Var, Y G {Zacc, Znot.acc} 
and r accepting (resp. non accepting), if F = Zacc (resp., Y = Z^ot.acc)- 

p" 

From the definition of "^par-, it follows that X ^* t, with p" accepting (resp.. 
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not accepting), if r e ^par,f (resp., r ^ ^par,f), and \p"\ > 0. Clearly, 



p" = p" II y, and p' = p' II X. Hence, p p' || t = p' || X || i p' || t \\ t, and the 
rule sequence p'p" is accepting (resp., non-accepting), if a'r is accepting (resp., 
non-accepting) . □ 



Lemma B.3. For every p E Tpar, if p ^*UpAn ^■^ infinite accepting derivation {resp., 

an infinite derivation devoid of accepting rules) in '^par, then there exists in 3fJ an infinite 
accepting derivation {resp., an infinite derivation devoid of accepting rules) from p. 

Proof. To prove the lemma, we use the following property: 

A If p'||p"=§*^ (with p',p" G Tpar)-! and p" does not contain variables in yar, then 

p' ^* 

Property A easily follows from the observation that the left-hand side of each rule in ^par 
does not contain occurrences of Zacc and Znqt^cc- 

Let now p G Tpar, and p ^^^^^^ be an infinite accepting derivation (resp., an infinite 
derivation devoid of accepting rules) in ^par- We prove that there exists a sequence 
of terms {pn)neN in Tpar, and a sequence of terms {tn)neN\{o} satisfying the following 
properties: 

i. po = p. 

ii. for all n E N, there exists in ^par an infinite accepting derivation (resp., an infinite 

derivation devoid of accepting rules) from p„. 

iii. for all n E N, pn =^^Pn+i || tn+i, with p„ non-null and accepting (resp., non-accepting). 

Since, by setting po = p. Property ii is satisfied for n = 0, it suffices to prove that the 
following property holds for any p G Tpar' 



B If p "^Itp^^ is an infinite accepting derivation (resp., an infinite derivation devoid of 
accepting rules) in ^par, then, the following hold: 



1. there exists a term p' G Tpar, and a term t, such that p =^^p' || t, with p non-null 
and accepting (resp., non-accepting), and 

2. there exists in ^par an infinite accepting derivation (resp., an infinite derivation 
devoid of accepting rules) from p'. 

Let us prove Property B. The infinite derivation P^^^^^ can be written in the form: 



— a 
P 

PAR ^ -^PAR 



where P^^^p^^ infinite accepting derivation (resp., an infinite derivation devoid of 

accepting rules) in ^par from p G Tpar, and p ^^paa P^^^ non-null finite accepting (resp., 
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non-accepting) derivation in ^par- Now, p can be written in the form p'\\p", where p' 
does not contain occurrences of Zacc and Znot.acc, and p" does not contain occurrences 
of variables in Var. /^From Property A, p' =^^^^^ is an infinite accepting derivation (resp., 
an infinite derivation devoid of accepting rules) in ^par, hence Property B.2 holds. 

/^From LemmaES applied to the accepting derivation (resp., non-accepting derivation) 

P ^KpAii ^ ~ II P"' there exists a term t and a derivation p p' \\ t, with p non-null and 
accepting (resp., non-accepting), hence Property B.l holds. 

Now, let {pn)n<^N and (tn)neAf\o be the sequence satisfying Properties i— iii. By Property 
iii, the derivation 



„ ES* r, \\+ fl* r, W-t \\+ ^* ^^^* r, II f II 11^ ^* n 11/ II 11/ II f 

PO Pi II P2 II II ^2 • • • ^ SR II II II • • • II In Pn+1 || ^1 || • • • || || t„,+l 



is an infinite accepting derivation (resp. an infinite derivation devoid of accepting rules) in 
3? from p. Hence the thesis. □ 

Lemma B.4. If p =^^^^^ is an infinite derivation in ^par. from p G Tpar containing a 
finite non-null number of accepting rule occurrences, then there exists an infinite derivation 
in K from p containing a finite non-null number of accepting rule occurrences. 

Proof. The infinite derivation p ^* can be written in the form: 

A ^ uj ^ 

P P 

^ -lipAR ^ ^PAR 

where p ^^^^^ is an infinite derivation in ^par. from p G Tpar devoid of accepting rule 

occurrences, and p ^^^^^^ P is an accepting finite derivation in ^par- Now p can be 
written in the form p' \\p", where p' does not contain occurrences of Zacc and Zp^oT.Accy 
and p" does not contain occurrences of variables in Var. By Property A in the proof of 
Lemma IB. 31 we have that p' =^*xp^^ is an infinite derivation in ^par devoid of accepting 

rule occurrences. From Lemma B.3, there exists an infinite derivation p' ^* in 3? from p' 
devoid of accepting rule occurrences. Finally, from Lemma lB.21 applied to the accepting 
derivation p ^r^,^^ P = p'\\p", there exists a term t and a derivation p ^* p'\\t, with p 

accepting. Hence, the derivation p=^%. p'\\t^*^ is an infinite derivation in 3? containing a 
finite non-null number of accepting rule occurrences. □ 

Lemma B.5. Let t, t' G Tseq o-nd s be any term in T such that t G SEQ{s). The following 
results hold: 

1. If t =^ugEQ ^' ' then there exists a term s' G T , with t' G SEQ{s'), such that s ^* s' , 
and |cr| > 0. Moreover, if r E ^seq,f {resp., r ^ ^seq,f), th^n <^ can be chosen 
accepting {resp., non-accepting) . 

2. If t^*^^^^t' and t ^ e, then there exists a s' E T, with t' G SEQ{s'), such that 

s=>^s', and \a'\ > 0, if Ic] > 0. Moreover, if a is accepting {resp., non-accepting), 
then a' is accepting {resp., non-accepting) . 
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3. Ift ^^g^^ is an accepting infinite derivation {resp., an infinite derivation devoid of 
accepting rules) in ^seq from t G Tseq, then there exists in 3? an accepting infinite 
derivation {resp., an infinite derivation devoid of accepting rules) from s. 

4- ^f^'^mgj^Q i^ infinite derivation in ^seq from t G Tseq containing a finite non- 
null number of accepting rule occurrences, then there exists an infinite derivation in 
3fJ from s containing a finite non-null number of accepting rule occurrences. 

Proof. Let us first prove Property 1. We use the following two properties, whose proofs are 
immediate. Let t G SEQ{s), s G T and t = Xi.(X2.(. . . X„.(F) . . .)), with n > 0. Then: 

A. if st G Tseq \ i^} and f = Xi.{X2.{. . . ...)); then there exists a s' G s[Y —>■ st] 

(notice that y is a subterm of s) such that t' G SEQ{s'). 

B. if Z G Var, st' G T, and st = st'\\Z, then there exists a s' G s[Y —>■ st] such that 

XUX2.i...X^.{Z)...))eSEQis'). 

We can now distinguish the following two cases: 

• r = Y Zi.(Z2) G 3f?. From the definition of 'SisEQ, it follows that r G ^seq, and 
r G if, and only if, r G ^seq,f- Moreover, t = Xi.(X2.(. . . . . .)) and 

t' = Xi.(X2.(. ..X„.(Zi.(Z2))...))-' Let s G T be such that t G SEQ{s). From 
Property A above, there exists a s' G s[Y — > ^1.(^2)] such that f G SEQ{s'). Since 
Y =^jj Zi.(Z2), by Proposition lA. II it follows that s s', with r G ^f if, and only if, 
r G ^SEQ,F, and the thesis is proved. 

• r = Y^Z with Y, Z e Var and a G {#, $}. Moreover t = Xi.(X2.(. . . . . .)) 

and t' = Xi.(X2.(. . . . . .)). From the definition of ^seq there exists a deriva- 

tion in 'SipAR of the form Y ^^p^^ P II ^ some p G Tpab., with |o"| > 0. Moreover, 
if r G ^sEQ,F (resp., r ^ 3?5£;q,f), then Y ^^^^^ Pll^ can be chosen accepting 

(resp., non-accepting). From Lemma lB.2[ there exists a term st such that Y =i>^ 
st||Z, with IpI > and p accepting (resp., non-accepting) if cr is accepting (resp., 
non-accepting). Let s G T be such that t G SEQ{s). From Property B above, there 
exists a term s' G s[Y st\\Z] such that t' G SEQ{s'). Now, Y ^* stU^. From 
Proposition lA.ll we conclude that s=^*^s', with \p\ > 0, and p accepting (resp., 
non-accepting), if r G ^seq,f (resp., r ^ ^seq,f)- Hence the thesis. 

Property 2 can easily be proved by induction on the length of a, and using Property! 
above. 

Let us now consider Property 3. The infinite accepting derivation (resp., the infinite 
derivation devoid of accepting rules) t =^'^s£;q written in the form: 

'^SEQ '^SEQ 



37 



with t a non-null finite accepting derivation (resp., finite non-accepting deriva- 



tion), and t^* an infinite accepting derivation (resp., infinite derivation devoid of 

SEQ 

accepting rules) from t G Tseq- Let s G T be such that t G SEQ{s). /^From Property 2 

of the lemma, there exists a term s G T, with t G SEQ{s) and such that s 4>^ s, |A| > 0, 
and A accepting (resp., non-accepting). By repeating the reasoning above, it follows that 
there exists a sequence of terms, {sn)nGN, such that for all n E N: 

• Sn=^i Sn+i, with A„ accepting (resp., non-accepting), |A„| > and sq = s. 



Therefore, the following derivation 

is an accepting infinite derivation (resp., an infinite derivation devoid of accepting rules) 
in 3? from s. This proves the thesis. 

We now prove Property 4- The infinite derivation t =^^sbq ' containing a finite non-null 
number of accepting rule occurrences, can be written in the form: 

^SEQ ^SEQ 

where t t is a finite accepting derivation, and t ^* is an infinite derivation from 

SEQ SEQ 

t ^ Tseq devoid of accepting rules. Let s G T be such that t G SEQ{s). From Property 2 

of the lemma, there exists a term s G T, with t G SEQ{s), such that with A 

accepting. From Property 3 of the lemma, there exists an infinite derivation in 3ft from s 
devoid of accepting rules. From this observation the thesis immediately follows. □ 

We are now ready to prove the if direction of Theorem 15.21 Let X G Var and assume 
that one of the following conditions holds: 

CI there exists a variable Y reachable (resp., reachable through a non-accepting deriva- 
tion, reachable) from X in ^seq, and there exists in ^par an infinite accepting 
derivation (resp,. an infinite derivation devoid of accepting rules, an infinite deriva- 
tion containing a finite non-null number of accepting rule occurrences) from Y. 

C2 there exists in ^seq an infinite accepting derivation (resp., an infinite derivation de- 
void of accepting rules, an infinite derivation containing a finite non-null number of 
accepting rule occurrences) from X. 

We have to prove that there exists in 3ft an infinite accepting derivation (resp., an infinite 
derivation devoid of accepting rules, an infinite derivation with a finite non-null number 
of accepting rules) from X. 

First, assume that Condition C2 holds. In this case the thesis follows from Property 3 
of Lemma lB.51 (resp.. Property 3 of Lemma EH Property 4 of Lemma lB.5j) . since X G 
SEQ{X). 
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Assume that Condition CI holds instead. Then, by Lemma lB.31 fresp.. Lemma lB.31 
Lemma lB.4|) . there exists a term t G Tseq of the form Xi.(X2.(. . . . . .)) (with 

n > 0), and a variable Y such that: 

• X 4>^^^^ t, for some rule sequence p (resp., with p non-accepting, for some rule 
sequence p) 

• Y , with a infinite and accepting (resp., devoid of accepting rules, containing a 
finite non-null number of accepting rule occurrences). 

/^From Property 2 of Lemma EH and the fact that X G SEQ{X), there exists a term 

■s G T, with t G SEQ{s) and x4>^s, for some rule sequence A (resp., with A non- 
accepting, for some rule sequence A). Since Y G SubTerms{s), from Proposition lA.ll it 
follows that s =^*^ is an infinite derivation in 3?, with a accepting (resp., devoid of accepting 
rules, containing a finite non-null number of accepting rule occurrences), hence the thesis. 

C Proof of the necessary condition of Theorem 15.2 

In order to prove only if direction of Theorem 15. 21 we need the following Lemmata C.1-C.6. 

Lemma C.l. Let t\\X.(s) ^* be a derivation in 3?, and let s be the subderivation of 
t\\X.(s) from s. Then, the following properties are satisfied: 

1. If s ^* is infinite, then it holds that t '=^s^. Moreover, ift\\X.{s) =l>* is in UpAR 
{resp., in Epar), then also t '^^*is in Upab. {resp., in Epar). 

2. If s ^* leads to e then, the derivation t||X.(s) can be written in the form 

t\\X.{s) ^*t'||X^* 
with t 4>* t' and a\ G Interleaving{\, a'). 

3. If s ^* leads to a term s' ^ e, then one of the following conditions is satisfied: 

• There is a derivation t '=^s^. Moreover, if t^X.{s) is in Urar {resp., in 
'^par), then also t '^^* is in Upar {resp., in Epar). Ift\\X.{s) ^* is finite and 
leads to t, then t = X.{s')\\t' with t"^^* t' . 

• s' = W G Var and the derivation t\\X.{s) ^* can be written in the form 

t\\x.{s) ^;t'\\x.{w) \t'\\w' 

where r = X.{W)-^W' G Moreover, t 4>* t' with cti G Interleaving{X, a') . 
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Proof. The assertion follows directly from the definition of subderivation. □ 

Lemma C.2. Let t ^* be a derivation in Upar {resp., in Epar)- The following properties 
hold: 

1. Ift =l>* can he written in the form t t' then t' is in Upar {resp., in 'E^par). 

2. For every finite derivation of the form t' t, the derivation t' t =5>* is in Upar 
{resp., in Epar). 

3. For every term p e Tpar t\\p ^* is in Upar {resp., in Epar). 

Proof. The assertion follows directly from the definition of subderivation. □ 

Lemma C.3. Let p ^* t||F.(s) ^* he a derivation with s ^ e and p e Tpar. Then, p =5-* 
can he written in the form 

P ^^t'\\Z \t'\\Y.{Z') ^;,t\\Y.{s) (1) 

with r — Z-^Y.{Z'), and 

Z' % s and t' ^* t (2) 
with (72 G Interleaving{(J2, cr") . Moreover, the following property is satisfied: 

A The subderivation of t'\\Y.{Z') t\\Y.{s) ^*from Z' can be written in the form 

7' ^* Q ^* 

where s ^* is the subderivation oft\\Y.{s) ^*from s. 
Proof. The proof is by induction on the length of a. 

Bcise Step \a\ = 1. In this case, there exists a rule r = Z-^Y.{Z') E 3? with p = t\\Z and 
Z' — s. So, the first part of the assertion holds, with ai and a2 the empty sequences. 
As far as Property A is concerned, it suffices to observe that in this case (T2 is the 
empty sequence. 

Induction Step |cr| > 1. The derivation p ^* can be written in the form 

p ^*t =%t\\Y.{s), with r' e 3? and \a'\ = \a\ - 1. 

There are three cases: 

• t — t\\Y.{t), with t s. It immediately follows that t ^ e. By inductive 
hypothesis, p can be written in the form p t'\\Z t'\\Y.{Z') 

t\\Y.{J), with r = Z^Y.{Z'). Moreover, he have that Z' % I and t' % t, 
with p2 e Interleaving {p'2, P2). As a consequence, we have that p =5>* 
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can be written in the form p t'\\Z t'\\Y.{Z') ^* i||y.(s), with (72 = p2r'. 

Moreover, taking 02 — p'^f' and = P2 ^^^e that Z' =1-* s, =!■* t and 

(72 G Interleaving(a2,(J2). The first part of the assertion is proved. 

We consider now Property A. By inductive hypothesis, the subderivation of 

t'\\Y.{Z') t\\Y{l) from Z' can be written in the form Z' i*^ I where 

t ^* is the subderivation of i||y.(i) from t. Notice that t ^* can be written 

in the form t where s ^* is the subderivation of i||y.(s) from s. 

Considering that (Xg = P2^', the thesis holds. 

• t = t\\Z, r' = Z-^Y.(Z') and s = Z'. In this case the first part of the assertion 
holds taking ai = a', (T2 = s and r = r' . As far as Property A is concerned, it 
suffices to observe that a 2 is the empty sequence. 

- = = r' it' = 

• t = t||y.(s), with t t. By inductive hypothesis, p ^* t||K(s) can be written 

in the form p \ t'\\Y.{Z') %l\\Y.{s), with r = Z^Y.{Z'). Moreover, 

p' p" = 

it holds that Z' =i-* s and t' ^* t, with p2 G Interleaving{p'2, P2). As a con- 
sequence, it holds that p ^* t||y.(s) can be written in the form p ^* t'\\Z 
t'\\Y.{Z') ^* t II y'.(s), with (72 — P2T'. Moreover, taking a 2 = p'2 and = P2^', it 

holds that Z' =!■* s, t' =!■* i and (72 G Interleaving [a 2-, (T2). This proves the first 
part of the assertion. We consider now the property A. By inductive hypothesis, 

the subderivation oit'\\Y.{Z') ^^from Z' can be written in the form 

Z' ^* s 4-*, where s 4>* is the subderivation of t||y.(s) from s. Now, s 4-* 
is also the subderivation of i||y(s) from s. Considering that (73 = p'2, the 
thesis holds. □ 

Lemma C.4. Ifp =§>*t||p', withp,p' G Tpar, then the following properties hold: 

A. There exists a term s G Tpar such thatp =^Kp^fl •^ll^'' '^here s 4* t, p is non-accepting 

if a is not accepting, and s — e ift = £. 

B. There exists a term s G Tpar such that p ^^^^^ s\\p' where \p\ > if \a\ > 0, 

s = £ if t = e, and p is accepting {resp., non-accepting) if a is accepting {resp., 
non-accepting) . 

Proof. The proof is by induction on the length of finite derivations p in K from terms 
in TpAR. 

Base Step |(t| = 0. In this case the assertion is obvious. 

Induction Step \a\ > 0. The derivation p =4>* can be written in the form 

P\t^*.t\\p' (1) 
with r G and \a'\ < \a\. There are two cases: 
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1. r is a PAR rule. Then, we have that t G Tpar and r G ^par- Moreover, it 
holds that r G iS r E ^par,f- Let us consider property A. By inductive 
hypothesis, there exists a s G Tpar such that t ^^^^^ s\\p' where s 4>* t, /i is 
non-accepting if a' is not accepting, and s = e iit = e. Therefore, it holds that 
p =^jj t s\\p', where s ^* t, /i is non accepting if a is not accepting, 
and s = e if t = e. Let us consider B. By inductive hypothesis, there exists a 

s G Tpyiij such that t =^*^p^^ s\\p' where p' is accepting (resp., non-accepting) if 
a' is accepting (resp., non accepting), and s = eiit = e. Therefore, it holds that 

P "^xpAR ^ ^JfpAii "^11^'' ^'^^^^ ^p' is accepting (resp., non accepting) if a = ra' 
is accepting (resp., non-accepting), and s = e if t = e. Thus, the assertion is 
proved. 

2. r = Z-^Y.(Z'). In this case, we have p = p"\\Z and t = p"\\Y.{Z'), with p" G 
TpAR- From Equation (1), let Z' 4>* ti be the subderivation of t = p"\\Y.{Z') 
^* from Z'. By Lemma fdH we can distinguish three subcases: 

• ti =^ € and p" ''^l t'. Moreover, we have that t\\p' = t'\\Y.{ti), t' = p'\\t", 
for some term t", and t = t"\\Y.{ti) (in particular, t ^ e). Let us consider 
Property A. Since |o"'\A| < by inductive hypothesis, there exists a term 

s G TpAR such that p" =>-^^^^ s\\p', where s 4»* t", and fi is non-accepting 



if a' \ A is not accepting. Therefore, we have p"\\Z % s\\Z\\p', where 

s\\Z t"\\Z \ t"\\Y.{Z') 4; t"\\Y.{ti) = t, and fxrX is non accepting if a 
is not accepting, thus proving the assertion. 

Let us consider now Property B. By inductive hypothesis there exists a 

term s G Tpar such that p" =>-^^^^ s\\p' where p' is accepting (resp., non- 
accepting) if cr' \ A is accepting (resp., non-accepting). Now, by definition 
of "RpAR, it holds that r' = Z ^ Z e "^par with Z G {Zacc, Znot.acc}, 
and Z = Zacc (resp., Z = Zjs[ot.acc) if is accepting (resp., non- 

accepting). Then, we have that p = p"\\Z ^^^^^p"\\Z ^^-^^^^ ■^Ib'll-Z^ where 
r'p' is accepting (resp., non-accepting) if rA(cr'\A) is accepting (resp., non- 
accepting). Since a is a reordering of rX{a' \ A), we obtain the assertion. 

ti = e and the derivation p"\\Y.(Z') ^* t\\p' can be written in the following 
form: 

p"\\YiZ')^*,t'\\Y^*,t\\p', (2) 

with p" t', and ai G Interleaving{X, a[) . Now, it holds that Z' 4>* e, 
with |A| < |cr|. By inductive hypothesis, we have Z' ^^^^^ ^ where p is 
accepting (resp., non-accepting) if A is accepting (resp., non accepting). By 
Remark Em it follows that r' = Z-^Y G 'SipAR, with c = $ (resp., c = #) if 
rX is accepting (resp., non-accepting). So, it holds that r' G ^par,f (resp., 

r' ^ 'StpAR,F) if rX is accepting (resp., non-accepting). Now, p"\\Y 
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t'\\Y ^^t\\p' with \cr'iO'2\ < Let us consider Property A. By inductive 

>* 

^PAR 



hypothesis, there exists a s G Tpar such that p"\\Y ^* s\\p', where s 



t, /i is non-accepting if a[a2 is not accepting, and s = e if t = e. So, we 

have p = p"\\Z =\p^^ p"\\Y =^^^^^ s\\p', where s ^* t, /i is non-accepting 
if a is not accepting, and s = e if t = e. Thus, the assertion is proved. Let 
us consider Property B. By inductive hypothesis, there exists a s G Tpar 

such that p"\\Y ==^^p^b ^\\p'^ where p' is accepting (resp., non-accepting) 
if cr[a2 is accepting (resp., non-accepting), and s = e if t = e. Therefore, 

r' p' 

we have p = p"\\Z p"\\Y s\\p' with r'p' accepting (resp., non- 

accepting) if rXa[a2 is accepting (resp., non-accepting), and s = eift = e. 
Since a is a reordering of r\a[a2, the assertion is proved. 

ti = W & Var and the derivation p"\\Y.{Z') ^* t\\p' can be written in the 
form 

p"\\Y{Z') ^;t'\\Y{W) 4-^t'\\W' (3) 

withp" r' = Y.(W)^W' and (Xi G Interleaving{X, a[). Now, we have 

that Z' 4>* W, with |A| < |o"|. By inductive hypothesis, it holds that Z' 
^»pAfl ^ with p accepting (resp., non-accepting) if A is accepting (resp., 

non-accepting). Now, r = Z^Y.{Z') G 3? and r' = Y.{W)-^W' G 3?. By 
remark Em it follows that r" = Z-^W G 'SipAR, with c = $ (resp., c = #) 
if rr'A is accepting (resp., non-accepting). So, it follows that r" G ^par,f 
(resp., r' ^ ^par,f) if rr'X is accepting (resp., non-accepting). Now, we 

have a derivation ^^t\\p', with |cricr2| < \a\. Let us consider 
Property A. By inductive hypothesis, there exists a term s G Tpar such 

that p"||iy where s 4>* t, p is non-accepting if a[a2 is not 



accepting, and s = e if t = e. So, we have p = p"\\Z p"\\W' 



^PAR ^ " '^PAB 

where s t, /i is non-accepting if a is not accepting, and s = e if 
t = e, thus proving the assertion. Let us consider Property B. By inductive 

hypothesis, there exists a term s G Tpar such that =^'^p^jj ^\\p'^ 

with p' accepting (resp., non-accepting) if a[a2 is accepting (resp., non- 

accepting), and s = e if t = e. As a consequence, we have p = p"\\Z =\p^^ 

p"\\W' =^*sip^-^ s\\p' with r" p' accepting (resp., non-accepting) if rr'Xa[a2 is 
accepting (resp., non-accepting), and s = eift = e. Since cr is a reordering 
of rr'\a[(J2-, the assertion is proved. □ 

Lemma C.5. For p G Tpar, let p ^* be an accepting infinite derivation {resp., an infinite 
derivation devoid of accepting rules, an infinite derivation containing a finite non-null 
number of accepting rules) in 3? fromp belonging to Urar {resp., Srar). Then, there exists 
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an accepting infinite derivation {resp., an infinite derivation devoid of accepting rules, an 
infinite derivation containing a finite non-null number of accepting rules) in ^par from p. 

Proof. We give the proof in the case in which p ^* is an accepting infinite derivation 
belonging to Upar- The proof for the other two cases is similar. We have to prove that 
there exists an accepting infinite derivation in ^par from p. First of all, we show that 
there exists a term p' G Tpar satisfying the following conditions: 

1. p p', with p accepting; 

2. There exists an accepting infinite derivation in 3? from p' belonging to Upar- 
The derivation p ^* can be written in the form 

p^:,t^\t2A*^ (1) 

where r is an accepting rule in 3? and t2 4>* is an accepting infinite derivation. By Property 
1 of Lemma Ry.2| the derivation t2 4»* belongs to Upar- 

Let us consider the case in which r is a PAR rule applied at level zero in the one-step 
derivation ti =\ t2- In this case, we have that ti = t\\s, t2 = t\\s', with s, s' G Tpar and 

r = s — s> s'. By Property A of Lemma \CA\ applied to the derivation p 4>* ti = t\\s, there 
exists a term t G Tpar. such that p ^^p^^ ^11 ^ ^- Then, we have a derivation p 
^11-5 ^11 ■s', where r is an accepting rule in ^par- By taking p' = t\\s' G Tpar, 

T^j\.Ti j\J~i 

we obtain p ^^p^^ P'^ with p accepting. Moreover, the following derivation from p' 

p' = t||s' ^;t||s' = t2 4; (2) 

is an infinite accepting derivation. Considering that t2 4>* is in Upar, from Property 2 of 
Lemma fC. 2 1 it follows that the derivation of Eq. |21is in Upar- As a consequence, we have 
that p' satisfies the desired properties. 

Let us consider now the case in which r is not a PAR rule applied at level zero in the 
derivation ti =\t2. Then, we deduce that ti = t\\w, t2 = t\\X.{s), with w =\X.{s) (with s 
possibly equal to e). Moreover, either w = X.(s') with s' s, or r = w-^X.(s) and r is a 
SEQ rule. Let us consider the first case. (The second case can be dealt with analogously.) 

From Lemma IC31 applied to the derivation p ti = t\\X.(s'), it follows that there are 
two variables Z, Z' such that 

Z^X.{Z') e^,p^;, t\\Z, and Z' ^* s'. (3) 

By Property A of Lemma IC41 applied to the derivation p ^* t\\Z, there exists a term 
t G TpAR such that 

p^l t\\Z and t ^It. (4) 

^PAR II !R \ / 

A' A 

With reference to Eq. [TJ let s ^* be the subderivation of ^2 = ^||-^-('5) from s. Notice 

that s is not an accepting infinite derivation. By Lemma IC.ll we distinguish the 
following cases: 
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• t ^=^^, and this derivation is in Up^ji. Since s ^* is not an accepting infinite deriva- 

A\A' 

tion, it follows that t ^* is an accepting infinite derivation (belonging to UpAu). 
From Eq.(3), we have that Z' ^* s' s. From the definition of 3?par, we have that 
r' = Z ^ Zacc ^ ^PAR (namely, an accepting rule in ^par)- By Eq. (4), we have 

-II r' -11 -11 

a derivation p =^*^ t\\Z t\\ZAcc- Taking p' = t\\ZAcc, we obtain that p 

P jA P j\ 

^JfpAfl ^^^'^ P accepting. Moreover, from Eq. (4) we have a derivation 

p' = t\\ZACC^lt\\ZACc'^^l (5) 

A\A' 

which is an infinite accepting derivation. Considering that the derivation t ^* 
belongs to Upar, by properties 2 and 3 of Lemma IC. 21 it follows that the derivation 
of Eq. (5) belongs to Upar- 

This shows that p' satisfies the required properties. 

• s leads to term st ^ e, and the second condition of Property 3 of Lemma ICll 
holds. Therefore, the derivation t||X.(s) 4>* can be written in the form 

t\\X.{s) % I\\Y % with Y G Var and (6) 



A' = \" 

t t, X.{s) ^* Y with X[ subsequence of Ai (7) 
By Property 1 of Lemma f(I2[ the derivation t\\Y ^* belongs to Upar- 

r A" 

By Eq. (3) and Eq. (7), we have an accepting derivation Z ^* X.{s') X.{s) ^* 
Y . By Property B of Lemma fC. 41 we obtain 

Z =^^p^-^ Y with 7] accepting (8) 

From Eq. (4) and Eq. (8), we have a derivation p ^^^^^ t\\Z =Hf^^^ Taking 

p' = t\\Y, we obtain p ^^^^^ p', with p accepting. Moreover, from Eq. (4), (6) and 
(7) we have an infinite accepting derivation 

p' = t\\Y^lt\\Y^l=t\\Y^*^ (9) 

Considering that the derivation t\\Y ^* belongs to Upar, from Property 2 of Lemma 
IC.2l it follows that the derivation of Eq. (9) belongs to Upar- 
This shows that p' satisfies the required properties. 

A' A 

• s leads to e, and the derivation t||X.(s) ^* can be written in the form 

t||X(s)%i||X% (10) 
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where t ^* t, with A'^ subsequence of Ai. 

Moreover, from Property 1 of Lemma fC. 21 the derivation t\\X ^* belongs to Upar- 

r A' 

From Eq. (3) we have an accepting derivation Z ^* X.{s') =\ X.{s) ^* X. From 
Property B of Lemma IC.4I we obtain a derivation 

Z =^tip^^ ^ with 7] accepting (11) 

From Eq. (4) and Eq. (11), we have a derivation p ^^^^^ t\\Z =^}^^^ ^11-^- Taking 

p' = t\\X, we obtain a derivation p ^^p^^ P' ^ with p accepting. Moreover, from Eq. 
(4) and Eq. (10) we have the following infinite accepting derivation 

p' = t||F^;t||X%F||X%. (12) 

Considering that the derivation t\\X =?•* belongs to Upar, from Property 2 of Lemma 
IC.2l it follows that the derivation of Eq. (12) belongs to Upar- 
This proves that p' satisfies the required properties. 

Now, by exploiting Properties 1 and 2, we can prove the thesis of the lemma. By 
Properties 1 and 2, it follows that there exists a sequence of terms in Tpar, {pn)nGN, 
satisfying the following properties: 

i. po = p; 

ii. Pn =^sp^p Pn+1 ) with pn accepting, for all n E N; 

iii. there exists an accepting infinite derivation in 3ft from pn belonging to Upar, for all 

ne N . 

The existence of such a sequence {pn)n£N immediately implies the thesis. □ 

Lemma C.6. Let X e Var and X =5>* be an infinite accepting derivation (resp., an 
infinite derivation devoid of accepting rules, an infinite derivation containing a finite non- 
null number n of accepting rule occurrences) in 3ft from X. Then, one of the following 
conditions is satisfied: 

1. there exists a variable Y reachable {resp., reachable through a non-accepting deriva- 
tion, reachable) from X in ^seq, o^nd there exists an accepting infinite derivation 
{resp., an infinite derivation devoid of accepting rules, an infinite derivation contain- 
ing a finite non-null number of accepting rule occurrences) in '^par from Y . 

2. there exists a term t G Tseq \ {e} with t = Xi.{X2.{. . . Xk.{Y) . . .)) {with k > 0) 
such that X ^^^^^ t, with p accepting {resp., non-accepting, accepting) in ^seq, 
and there exists an accepting infinite derivation {resp., an infinite derivation devoid of 
accepting rules, an infinite derivation containing a finite number m, with < m < n, 
of accepting rule occurrences) in 3ft from Y . 



46 



Proof. We give the proof for the case where X ^* is an infinite accepting derivation (the 
proof for the other two cases is similar). We have to prove that one of the following 
properties is satisfied: 

A there exists a variable Y reachable from X in ^seq, and there exists an accepting 
infinite derivation in ^par from Y. 

B there exists a term t e Tseq \ {e} with t = Xi.{X2.{. . . X^-iY) . . . )) (with A; > 0) such 
that X "^licfEQ ^1 with p accepting in '^seqi and there exists an accepting infinite 
derivation in from Y . 

The proof is by induction on the level k of application of the first occurrence of an accepting 
rule r, in an infinite accepting derivation in 3? from a variable. 

Base Step = 0. If X belongs to the class YIpar, from Lemma IC.5l Property A 
follows, setting Y = X. Otherwise, from Lemma fC.3[ it follows that the derivation 
X can be written in the form 

x^;t||z4t||r.(z')^; 

where r' = Z-^Y.(Z'), and the subderivation of t\\Y.(Z') from Z', namely 

Z' , is an infinite accepting derivation. By noticing that every rule occurrence in 
a'2 is applied to level greater then zero in X , and that we are considering the 
case where /c = 0, it follows that r must occurr in the rule sequence crir'C,, where 

^ = \ (J2. From Lemma IC.ll we have that . Therefore, there exists in 9ft a 

A r' 

derivation of the form X =^*^ t' \\ Z =^j^t' \\ Y.{Z'), with A accepting, if r' is not accept- 
ing. From Property B of Lemma IC.4I applied to the derivation X A>*^ t' \\ Z, there 
exists a term p G Tpar, and a derivation X =^*^^^^ p\\ Z , with p accepting, if A is 

accepting. From the definition of ^seq, we have that X ^=^jf ^-i^')^ with 

SEQ SEQ 

p accepting if p is accepting. Now, either r' is an accepting rule in 3ft, and is an ac- 
cepting rule in 'SIseq as well, or A is accepting, and p is accepting as well. Therefore, 
variable Z' is reachable from X in ^seq through an accepting derivation, and there 
exists an accepting infinite derivation in 3ft from Z'. This is exactly what Property B 
states. 

Induction Step A; > 0. If X =§>^ belongs to the class IIp^^, from Lemma FC.Sl Property A 
follows, by setting Y = X. 

Otherwise, by Lemma \C3\ the derivation X can be written in the form 

X%t\\Z^,t\\Y{Z')^, 

where r' = Z-^Y.(Z'), and the subderivation of t \\ Y.(Z') from Z', namely Z' =4-*^ 
is an infinite accepting derivation. Let ^ be the rule sequence a2 \ o"2- There can be 
two cases: 
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• the rule sequence o"ir'^ contains an occurrence of the accepting rule r. In this 
case, the thesis follows by reasoning as in the base step. 

• a'2 contains the first occurrence of r in a. Clearly, this occurrence is the first 
accepting rule occurrence in the infinite derivation Z' =4-*^ , and it is applied to 

(To 

level — 1 in Z =4-*^ . By inductive hypothesis, the thesis holds of the derivation 

Z' . Therefore, it suffices to prove that Z' is reachable from X in ^seq- 
By Property A of Lemma IC.4t applied to derivation X ^*^t\\ Z , there exists 
a term p G Tpabi and a derivation of the form X ^^^^^ p || Z in '^par- From 

r' 

the definition of '^seq, we finally have that X ^^^^^^ Z =4^^^Y.{Z'). Hence the 
thesis. □ 

Now, we can prove the only if direction of Theorem 15.21 Let X G Var and X =§>^ be 
an infinite accepting derivation (resp., an infinite derivation devoid of accepting rules, an 
infinite derivation with a finite non-null number of accepting rules) in 3ft from X. We have 
to prove that one of the following conditions holds: 

• there exists a variable Y reachable (resp., reachable through a non-accepting deriva- 
tion, reachable) from X in '^seqi and there exists in '^par an infinite accepting 
derivation (resp,. an infinite derivation devoid of accepting rules, an infinite deriva- 
tion containing a finite non-null number of accepting rule occurrences) from Y . 

• there exists in '^seq an infinite accepting derivation (resp., an infinite derivation 
devoid of accepting rules, an infinite derivation containing a finite non-null number 
of accepting rule occurrences) from X. 

In the following, we give the proof for the case where X is an infinite accepting 
derivation (the proof for the other two cases is similar). We have to prove that one of the 
following conditions holds: 

CI there exists a variable Y reachable from X in '^seqi and there exists an accepting 
infinite derivation in '^par from Y . 

C2 there exists an accepting infinite derivation in ^seq from X. 

It suffices to prove that, assuming that Condition CI does not hold. Condition C2 must 
hold. Under this hypothesis, we show that there exists a sequence of terms (t„)neAf in 
TsEQ \ i^}, satisfying the following properties: 

i. to = X 

ii. for all n G N, last{tn) =?-l ^n+i, with p„ accepting. 

S EQ 

iii. for all n E N, there exists an infinite accepting derivation in 3ft from last{tn)- 
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iv. for all n & N, the term last{tn) is reachable from X in '^seq- 

For n = 0, Properties i, iii and iv are satisfied, by setting to = X. 

Assume now the existence of a finite sequence of terms to,ti, . . . ,tn in Tseq \ {£}, 
satisfying Properties i— iv. It suffices to prove that there exists a term tn+i in Tseq \ i^} 
satisfying the iii and iv, and a derivation last{tn) ^Hig^g tn+i, with p„ accepting. 



By inductive hypothesis, last{tn) is reachable from X in ^seq, and there exists in 3? 
an infinite accepting derivation from last{tn). From Lemma IC.6I applied to the variable 
last{tn), and the fact that Condition CI does not hold, it follows that there exists a term 



t e Tseq \ {^j such that lastitn) t, with p„ accepting, and there exists an infinite 



accepting derivation in 3? from last{t). The term last{t) is reachable in 'Rseq from last{tn), 
and last{tn) is reachable from X in '^seq- Therefore, last{t) is reachable in '^seq from X. 
Thus, by setting t^+i = t, we obtain the result. 

Let now {tn)n£N be the sequence of terms in Tseq \ {£} satisfying Properties i-iv. 
Then, by Property PI of Proposition IA.21 we have that for every n E N: 



that is an accepting derivation. Moreover, by Property P2 of Proposition IA.2[ we have 
that, for all n e iV: 



pn 

to O ti O . . . O t„ toOtiO ...O tnOn+1 



that is an accepting derivation. Therefore, the following derivation 

X = tn ^* tnOti tnOtiOto =^1 • • • ^=^\ to°^l°- • -^tr. 

" ^SEQ " ^ ^SEQ U i ^ ^SEQ ^SEQ ^ ^• 



II II r^iTh-U 

tnotio. . .or„or„ 1 1 =^ 



is an infinite accepting derivation in ^seq from X. Hence Condition C2 holds. 
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